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Abstrat
In this paper, we disuss an interation between omplex geome-
try and integrable systems. Setion 1 reviews the lassial results on
integrable systems. New examples of integrable systems, whih have
been disovered, are based on the Lax representation of the equations
of motion. These systems an be realized as straight line motions on
a Jaobi variety of a so-alled spetral urve. In setion 2, we study
a Lie algebra theoretial method leading to integrable systems and we
apply the method to several problems. In setion 3, we disuss the
onept of the algebrai omplete integrability (a..i.) of hamiltonian
systems. Algebrai integrability means that the system is ompletely
integrable in the sens of the phase spae being folited by tori, whih in
addition are real parts of a omplex algebrai tori (abelian varieties).
The method is devoted to illustrate how to deide about the a..i. of
hamiltonian systems and is applied to some examples. Finally, in se-
tion 4 we study an a..i. in the generalized sense whih appears as
overing of a..i. system. The manifold invariant by the omplex ow
is overing of abelian variety.
Mathematis Subjet Classiation (2000). 37J35, 70H06, 14H40, 14H70,
14M10.
1 Integrable systems
Let M be an even-dimensional dierentiable manifold. A sympleti stru-
ture (or sympleti form) onM is a losed non-degenerate dierential 2-form
ω dened everywhere on M. The non-degeneray ondition means that
∀x ∈M,∀ξ 6= 0,∃η : ω (ξ, η) 6= 0, (ξ, η ∈ TxM) .
The pair (M,ω) is alled a sympleti manifold.
Example 1.1 The otangent bundle T ∗M possesses in a natural way a sym-
pleti struture. In a loal oordinate (x1, . . . , xn, y1, . . . , yn) , 2n = dimM,
the form ω is given by ω =
∑n
k=1 dxk ∧ dyk.
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Example 1.2 Another important lass of sympleti manifolds onsists of
the oadjoints orbits O ⊂ G∗, where G is the algebra of a Lie group G and
Gµ = {Ad∗gµ : g ∈ G} is the orbit of µ ∈ G∗ under the oadjoint representa-
tion.
Theorem 1 a) Let I : T ∗xM −→ TxM, ω1ξ 7−→ ξ, be a map dened by
ω1ξ (η) = ω (η, ξ) , ∀η ∈ TxM. Then I is an isomorphism generated by the
sympleti form ω.
b) The sympleti form ω indues a hamiltonian vetor eld IdH : M −→
TxM, x 7−→ IdH (x) , where H : M −→ R, is a dierentiable funtion
(alled hamiltonian). In others words, the dierential system dened by
x˙(t) = XH (x (t)) = IdH (x) ,
is a hamiltonian vetor eld assoiated to the funtion H. The matrix that is
assoiated to an hamiltonian system determine a sympleti struture.
Proof. a) Denote by I−1 the map I−1 : TxM −→ T ∗xM, ξ 7−→ I−1 (ξ) ≡ ω1ξ ,
with I−1 (ξ) (η) = ω1ξ (η) = ω (η, ξ) , ∀η ∈ TxM. The fat that the form ω is
bilinear implies that
I−1 (ξ1 + ξ2) (η) = ω (η, ξ1 + ξ2) ,
= ω (η, ξ1) + ω (η, ξ2) ,
= I−1 (ξ1) (η) + I−1 (ξ2) (η) , ∀η ∈ TxM.
Now, sine dimTxM = dimT
∗
xM, to show that I
−1
is bijetive, it sues to
show that is injetive. The form ω is non-degenerate, it follows that
KerI−1 = {ξ ∈ TxM : ω (η, ξ) = 0, ∀η ∈ TxM} = {0} .
Hene I−1 is an isomorphism and onsequently I is also an isomorphism (the
inverse of an isomorphism is an isomorphism).
b) Let (x1, . . . , xm) be a loal oordinate system on M, (m = dimM). We
have
x˙(t) =
n∑
k=1
∂H
∂xk
I (dxk) =
n∑
k=1
∂H
∂xk
ξk, (1)
where I (dxk) = ξ
k ∈ TxM is dened suh that :∀η ∈ TxM, ηk = dxk (η) =
ω
(
η, ξk
)
, (k-th omponent ofη). Dene (η1, . . . , ηm) and
(
ξk1 , . . . , ξ
k
m
)
to be
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respetively the omponents of η and ξk, then
ηk = ω
 m∑
i=1
ηi
∂
∂xi
,
m∑
j=1
ξkj
∂
∂xj
 ,
=
m∑
i=1
ηi
(
∂
∂xi
,
∂
∂xj
)
ξkj ,
= (η1, . . . , ηm) J
−1
 ξ
k
1
.
.
.
ξkm
 ,
where J−1 is the matrix dened by J−1 ≡
(
ω
(
∂
∂xi
, ∂∂xj
))
1≤i,j≤m
. Sine this
matrix is invertible
1
, we an searh ξk suh that :
J−1
 ξ
k
1
.
.
.
ξkm
 =

0
.
.
.
0
1 ! k-th plae
0
.
.
.
0

.
The matrix J−1 is invertible, whih implies
 ξ
k
1
.
.
.
ξkm
 = J

0
.
.
.
0
1
0
.
.
.
0

,
from whih ξk =(k-th olumn of J), i.e., ξki = Jik, 1 ≤ i ≤ m, and on-
sequently ξk =
∑m
i=1 Jik
∂
∂xi
. It is easily veried that the matrix J is skew-
1
Indeed, it sues to show that the matrix J−1 has maximal rank. Suppose this
were not possible, i.e., we assume that rank(J−1) 6= m. Hene
Pm
i=1 aiω
“
∂
∂xi
, ∂
∂xj
”
= 0,
∀1 ≤ j ≤ m, with ai not all null and ω
“Pm
i=1 ai
∂
∂xi
, ∂
∂xj
”
= 0, ∀1 ≤ j ≤ m. In fat, sine
ω is non-degenerate, we have
Pm
i=1 ai
∂
∂xi
= 0. Now
“
∂
∂x1
, . . . , ∂
∂xm
”
is a basis of TxM,
then ai = 0, ∀i, ontradition.
3
symmetri
2
. From (1) we dedue that
x˙(t) =
m∑
k=1
∂H
∂xk
m∑
i=1
Jik
∂
∂xi
=
m∑
i=1
(
m∑
k=1
Jik
∂H
∂xk
)
∂
∂xi
.
Writing x˙(t) =
∑m
i=1
dxi(t)
dt
∂
∂xi
, it is seen that x˙i (t) =
∑m
k=1 Jik
∂H
∂xk
, 1 ≤ i ≤
j ≤ m, whih an be written in more ompat form x˙(t) = J (x) ∂H∂x , this
is the hamiltonian vetor eld assoiated to the funtion H. This onludes
the proof of the theorem.
We dene a Poisson braket (or Poisson struture) on the spae C∞ as
{, } : C∞ (M)× C∞ (M) −→ C∞ (M) , (F,G) 7−→ {F,G} ,
where {F,G} = duF (XG) = XGF (u) = ω (XG,XF ) . This braket is
skew-symmetri {F,G} = −{G,F} , obeys the Leibniz rule {FG,H} =
F {G,H}+G {F,H} , and satises the Jaobi identity
{{H,F} , G}+ {{F,G} ,H}+ {{G,H} , F} = 0.
When this Poisson struture is non-degenerate, we obtain the sympleti
struture disussed above.
Consider now M = Rn × Rn and let p ∈ M. By Darboux's theorem [3],
there exists a loal oordinate system(x1, . . . , xn, y1, . . . , yn) in a neighbour-
hood of p suh that
{H,F} =
n∑
i=1
(
∂H
∂xi
∂F
∂yi
− ∂H
∂yi
∂F
∂xi
)
.
Then XH =
∑n
i=1
(
∂H
∂xi
∂
∂yi
− ∂H∂yi ∂∂xi
)
, and XHF = {H,F} , ∀F ∈ C∞ (M) .
A nononstant funtion F is alled an integral (rst integral or onstant of
motion) of XF , if XHF = 0. In partiular, H is integral. Two funtions
F and G are said to be in involution or to ommute, if {F,G} = 0. The
hamiltonian systems form a Lie algebra.
We now give the following denition of the Poisson braket :
{F,G} =
〈
∂F
∂x
, J
∂G
∂x
〉
=
∑
i,j
Jij
∂F
∂xi
∂G
∂xj
.
2
Indeed, sine ω is symmetri i.e., ω
“
∂
∂xi
, ∂
∂xj
”
= −ω
“
∂
∂xj
, ∂
∂xi
”
, it follows that J−1
is skew-symmetri. Then, I = J.J−1 =
`
J−1
´⊤
.J⊤ = −J−1.J, and onsequently J⊤ = J.
4
After some algebrai manipulation, we dedue that If
2n∑
k=1
(
Jkj
∂Jli
∂xk
+ Jki
∂Jjl
∂xk
+ Jkl
∂Jij
∂xk
)
= 0, ∀1 ≤ i, j, l ≤ 2n,
then J satises the Jaobi identity.
Consequently, we have a omplete haraterization of hamiltonian vetor
eld
x˙(t) = XH (x (t)) = J
∂H
∂x
, x ∈M, (2)
where H : M −→ R, is a dierentiable funtion (the hamiltonian) and
J = J (x) is a skew-symmetri matrix, possibly depending on x ∈ M, for
whih the orresponding Poisson braket satises the Jaobi identity :
{{H,F} , G}+ {{F,G} ,H}+ {{G,H} , F} = 0,
with {H,F} = 〈∂H∂x , J ∂F∂x 〉 =∑i,j Jij ∂H∂xi ∂F∂xj , the Poisson braket.
Example 1.3 An important speial ase is when J =
(
O −I
I O
)
, where I
is the n×n identity matrix. The ondition on J is trivially satised. Indeed,
here the matrix J do not depend on the variable x and we have
{H,F} =
2n∑
i=1
∂H
∂xi
2n∑
j=1
Jij
∂F
∂xj
=
n∑
i=1
(
∂H
∂xn+i
∂F
∂xi
− ∂H
∂xi
∂F
∂xn+i
)
.
Moreover, equations (10) are transformed into
q˙1 =
∂H
∂p1
, . . . , q˙n =
∂H
∂pn
, p˙1 = −∂H
∂q1
, . . . , p˙n = −∂H
∂qn
,
où q1 = x1, . . . , qn = xn, p1 = xn+1, . . . , pn = x2n. These are exatly the well
known dierential equations of lassial mehanis in anonial form.
It is a fundamental and important problem to investigate the integrability
of hamiltonian systems. Reently there has been muh eort given for nding
integrable hamiltonian systems, not only beause they have been on the
subjet of powerful and beautiful theories of mathematis, but also beause
the onepts of integrability have been applied to an inreasing number of
applied sienes. The so-alled Arnold-Liouville theorem play a ruial role
in the study of suh systems; the regular ompat level manifolds dened by
the intersetion of the onstants of motion are dieomorphi to a real torus
on whih the motion is quasi-periodi as a onsequene of the following purely
dierential geometri fat : a ompat and onneted n-dimensional manifold
on whih there exist n vetor elds whih ommute and are independent at
every point is dieomorphi to an n-dimensional real torus and eah vetor
eld will dene a linear ow there.
5
Theorem 2 (Arnold-Liouville theorem)[3, 14] : Let H1 = H,H2, ...,Hn, be
n rst integrals on a 2n-dimensional sympleti manifold that are funtionally
independent (i.e., dH1 ∧ ... ∧ dHn 6= 0), and pairwise in involution. For
generi c = (c1, ..., cn) the level set
Mc =
n⋂
i=1
{x ∈M : Hi (x) = ci, ci ∈ R} ,
will be an n-manifold. If Mc is ompat and onneted, it is dieomorphi to
an n-dimensional torus Tn = Rn/Zn and the solutions of the system (2) are
then straight-line motions on T
n
. If Mc is not ompat but the ow of eah
of the vetor elds XHk is omplete on Mc, then Mc is dieomorphi to a
ylinder R
k × Tn−k under whih the vetor elds XHk are mapped to linear
vetor elds.
As a onsequene, we obtain the onept of omplete integrability of a
hamiltonian system. For the sake of larity, we shall distinguish two ases :
a) Case 1 : de´t J 6= 0. The rank of the matrix J is even, m = 2n. A hamilto-
nian system (2) is ompletely integrable or Liouville-integrable if there exist
n rsts integrals H1 = H,H2, . . . ,Hn in involution, i.e., {Hk,Hl} = 0, 1 ≤
k, l ≤ n, with linearly independent gradients, i.e., dH1 ∧ ... ∧ dHn 6= 0. For
generi c = (c1, ..., cn) the level set
Mc =
n⋂
i=1
{x ∈M : Hi (x) = ci, ci ∈ R} ,
will be an n-manifold. By the Arnold-Liouville theorem, if Mc is ompat
and onneted, it is dieomorphi to an n-dimensional torus Tn = Rn/Zn
and eah vetor eld will dene a linear ow there. In some open neigh-
bourhood of the torus there are oordinates s1, . . . , sn, ϕ1, . . . , ϕn in whih
ω takes the form ω =
∑n
k=1 dsk ∧ dϕk. Here the funtions sk (alled ation-
variables) give oordinates in the diretion transverse to the torus and an
be expressed funtionally in terms of the rsts integrals Hk. The funtions
ϕk (alled angle-variables) give standard angular oordinates on the torus,
and every vetor eld XHk an be written in the form ϕ˙k = hk (s1, . . . , sn) ,
that is, its integral trajetories dene a onditionally-periodi motion on the
torus. In a neighbourhood of the torus the hamiltonian vetor eld XHk
take the following form s˙k = 0, ϕ˙k = hk (s1, . . . , sn) , and an be solved by
quadratures.
b) Case 2 : de´t J = 0. We redue the problem to m = 2n+k and we look for
k Casimir funtions (or trivial invariants) Hn+1, ...,Hn+k, leading to identi-
ally zero hamiltonian vetor elds J
∂Hn+i
∂x = 0, 1 ≤ i ≤ k. In other words,
the system is hamiltonian on a generi sympleti manifold
n+k⋂
i=n+1
{x ∈ Rm : Hi (x) = ci} ,
6
of dimension m−k = 2n. If for most values of ci ∈ R, the invariant manifolds
n+k⋂
i=1
{x ∈ Rm : Hi (x) = ci} ,
are ompat and onneted, then they are n-dimensional tori T
n = Rn/Zn
by the Arnold-Liouville theorem and the hamiltonian ow is linear in angular
oordinates of the torus.
2 Isospetral deformation method
A Lax equation is given by a dierential equation of the form
A˙ (t) = [A (t) , B (t)] or [B (t) , A (t)] , (3)
where
A (t) =
N∑
k=1
Ak (t)h
k, B (t) =
N∑
k=1
Bk (t)h
k,
are funtions depending on a parameter h (spetral parameter) whose oe-
ients Ak and Bk are matries in Lie algebras. The pair (A,B) is alled Lax
pair. This equation established a link between the Lie group theoretial and
the algebrai geometri approahes to omplete integrability. The solution
to (3) has the form A(t) = g(t)A(0)g(t)−1, where g(t) is a matrix dened as
g˙ (t) = −A(t)g(t). We form the polynomial P (h, z) = det (A− zI) , where
z is another variable and I the n × n identity matrix. We dene the urve
(spetral urve) C, to be the normalization of the omplete algebrai urve
whose ane equation is P (h, z) = 0.
Theorem 3 The polynomial P (h, z) is independent of t.Moreover, the fun-
tions tr (An) are rst integrals for (3).
Proof. Let us all L ≡ A− zI. Observe that
P˙ = detL.tr
(
L−1L˙
)
= detL.tr
(
L−1BL−B) = 0,
sine trL−1BL = trB. On the other hand
A˙n = A˙An−1 +AA˙An−2 + · · ·+An−1A˙,
= [A,B]An−1 +A [A,B]An−2 + · · ·+An−1 [A,B] ,
= (AB −BA)An−1 + · · ·+An−1 (AB −BA) ,
= ABAn−1 −BAn + · · · +AnB −An−1BA,
= A
(
BAn−1
)− (BAn−1)A+ · · ·+A (An−1B)− (An−1B)A.
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Sine tr (X + Y ) = trX + trY, trXY = trY X, X, Y ∈Mn (C) , we obtain
d
dt
tr (Anh) = tr
d
dt
(Anh) = 0,
and onsequently tr (An) are rst integrals of motion. This ends the proof
of the theorem.
We have shown that a hamiltonian ow of the type (3) preserves the
spetrum of A and therefore its harateristi polynomial. The urve C :
P (z, h) = det (A(h)− zI) = 0, is time independent, i.e., its oeients
tr (An) are integrals of the motion (equivalently, A(t) undergoes an isospe-
tral deformation. Some hamiltonian ows on Kostant-Kirillov oadjoint or-
bits in subalgebras of innite dimensional Lie algebras (Ka-Moody Lie al-
gebras) yield large lasses of extended Lax pairs (3) . A general statement
leading to suh situations is given by the Adler-Kostant-Symes theorem.
Theorem 4 Let L be a Lie algebra paired with itself via a nondegenerate,
ad-invariant bilinear form 〈 , 〉, L having a vetor spae deomposition L =
K + N with K and N Lie subalgebras. Then, with respet to 〈 , 〉, we have
the splitting L = L∗ = K⊥+N⊥ and N ∗ = K⊥ paired with N via an indued
form 〈〈, 〉〉 inherits the oadjoint sympleti struture of Kostant and Kirillov;
its Poisson braket between funtions H1 and H2 on N ∗ reads
{H1,H2} (a) = 〈〈a, [∇N ∗H1,∇N ∗H2]〉〉 , a ∈ N ∗.
Let V ⊂ N ∗ be an invariant manifold under the above o-adjoint ation of
N on N ∗ and let A(V ) be the algebra of funtions dened on a neighborhood
of V , invariant under the oadjoint ation of L (whih is distint from the
N −N ∗ ation). Then the funtions H in A(V ) lead to ommuting Hamil-
tonian vetor elds of the Lax isospetral form
a˙ = [a, prK(∇H)] , prK projection onto K
This theorem produes hamiltonian systems having many ommuting inte-
grals ; some preise results are known for interesting lasses of orbits in both
the ase of nite and innite dimensional Lie algebras. Any nite dimensional
Lie algebra L with braket [, ] and killing form 〈, 〉 leads to an innite dimen-
sional formal Laurent series extension L =∑N−∞Aihi : Ai ∈ L, N ∈ Z free,
with braket
[∑
Aih
i,
∑
Bjh
j
]
=
∑
i,j [Ai, Bj] h
i+j , and ad-invariant, sym-
metri forms
〈∑
Aih
i,
∑
Bjh
j
〉
k
=
∑
i+j=−k 〈Ai, Bj〉 , depending on k ∈ Z.
The forms 〈, 〉k are non degenerate if 〈, 〉 is so. Let Lp,q (p ≤ q) be the vetor
spae of powers of h between p and q . A rst interesting lass of problems
is obtained by taking L = Gl(n,R) and by putting the form 〈, 〉1 on the
Ka-Moody extension. Then we have the deomposition into Lie subalge-
bras L = L0,∞ + L−∞,−1 = K + N with K = K⊥, N = N⊥ and K = N ∗.
8
Consider the invariant manifold Vm , m ≥ 1 in K = N ∗ , dened as
Vm =
{
A =
m−1∑
i=1
Aih
i + αhm , α = diag(α1, · · · , αn) xed
}
,
with diag (Am−1) = 0.
Theorem 5 The manifold Vm has a natural sympleti struture, the fun-
tions H =
〈
f(Ah−j), hk
〉
1
on Vm for good funtions f lead to omplete inte-
grable ommuting hamiltonian systems of the form
A˙ =
[
A, prK(f ′(Ah−j)hk−j)
]
, A =
m−1∑
i=0
Aih
i + αh,
and their trajetories are straight line motions on the jaobian of the urve
C of genus (n− 1) (nm− 2) /2 dened by P (z, h) = det (A− zI) = 0. The
oeients of this polynomial provide the orbit invariants of Vm and an in-
dependent set of integrals of the motion (of partiular interest are the ows
where j = m,k = m+ 1 whih have the following form
A˙ =
[
A , adβ ad
−1
α Am−1 + βh
]
, βi = f
′ (αi) ,
the ow depends on f through the relation βi = f
′ (αi) only).
Another lass is obtained by hoosing any semi-simple Lie algebra L . Then
the Ka-Moody extension L equipped with the form 〈, 〉 = 〈, 〉0 has the nat-
ural level deomposition L = ∑i∈Z Li, [Li,Lj] ⊂ Li+j , [L0, L0] = 0, L∗i =
L−i. Let B+ =
∑
i≥0 Li and B
− =
∑
i〈0 Li . Then the produt Lie algebra
L × L has the following braket and pairing[
(l1, l2) , (l
′
1, l
′
2)
]
=
(
[l1, l
′
1],−[l2, l
′
2]
)
,
〈
(l1, l2) , (l
′
1, l
′
2)
〉
= 〈l1, l′1〉 − 〈l2, l
′
2〉.
It admits the deomposition into K +N with
K = {(l,−l) : l ∈ L} , K⊥ = {(l, l) : l ∈ L} ,
N = {(l−, l+) : l− ∈ B−, l+ ∈ B+, pr0(l−) = pr0(l+)} ,
N⊥ = {(l−, l+) : l− ∈ B−, l+ ∈ B+, pr0(l+ + l−) = 0} ,
where pr0 denotes projetion onto L0. Then from the last theorem , the
orbits in N ∗=K⊥ possesses a lot of ommuting hamiltonian vetor elds of
Lax form:
Theorem 6 The N-invariant manifolds V−j,k =
∑
−j≤i≤k Li ⊆ L ≃ K⊥,
has a natural sympleti struture and the funtions H(l1, l2) = f(l1) on
V−j,k lead to ommuting vetor elds of the Lax form
l˙ =
[
l, (pr+ − 1
2
pr0)∇H
]
, pr+ projection ontoB+,
their trajetories are straight line motions on the Jaobian of a urve dened
by the harateristi polynomial of elements in V−j,k.
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Using the van Moerbeke-Mumford linearization method [21], Adler and
van Moerbeke [1] showed that the linearized ow ould be realized on the
jaobian variety Jac(C) (or some sub-abelian variety of it) of the algebrai
urve (spetral urve) C assoiated to (3). We then onstrut an algebrai
map from the omplex invariant manifolds of these hamiltonian systems to
the jaobian variety Jac(C) of the urve C. Therefore all the omplex ows
generated by the onstants of the motion are straight line motions on these
jaobian varieties i.e. the linearizing equations are given by∫ s1(t)
s1(0)
ωk +
∫ s2(t)
s2(0)
ωk + · · ·+
∫ sg(t)
sg(0)
ωk = ckt , 0 ≤ k ≤ g,
where ω1, . . . , ωg span the g-dimensional spae of holomorphi dierentials
on the urve C of genus g. In an unifying approah, Griths [8] has found
neessary and suient onditions on B for the Lax ow (3) to be linearizable
on the jaobi variety of its spetral urve, without referene to Ka-Moody
Lie algebras.
Next I shall disuss a number of integrable hamiltonian systems.
2.1 The Euler rigid body motion.
It express the free motion of a rigid body around a xed point. Let M =
(m1,m2,m3) be the angular momentum, Ω = (m1/I1,m2/I2,m3/I3) the
angular veloity and I1, I2 et I3, the prinipal moments of inertia about the
prinipal axes of inertia. Then the motion of the body is governed by
M˙ = M ∧ Ω. (4)
If one identies vetors in R
3
with skew-symmetri matries by the rule
a = (a1, a2, a3) , A =
 0 −a3 a2a3 0 −a1
−a2 a1 0
 ,
then a ∧ b 7−→ [A,B] = AB −BA. Using this isomorphism between (R3,∧)
and (so(3), [, ]), we write (4) as M˙ = [M,Ω] , where
M =
 0 −m3 m2m3 0 −m1
−m2 m1 0
 ∈ so (3) , Ω =
 0 −ω3 ω2ω3 0 −ω1
−ω2 ω1 0
 ∈ so (3) ,
Now M = IΩ, this implies that
M˙ = [M,ΛM ] , (5)
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where
ΛM =
 0 −λ3m3 λ2m2λ3m3 0 −λ1m1
−λ2m2 λ1m1 0
 ∈ so (3) ,
with λi ≡ I−1i . Equation (5) is expliitly given by
m˙1 = (λ3 − λ2)m2m3,
m˙2 = (λ1 − λ3)m1m3, (6)
m˙3 = (λ2 − λ1)m1m2,
and an be written as a hamiltonian vetor eld
x˙ = J
∂H
∂x
, x = (m1,m2,m3)
⊺ ,
with the hamiltonian H = 12
(
λ1m
2
1 + λ2m
2
2 + λ3m
2
3
)
, and
J =
 0 −m3 m2m3 0 −m1
−m2 m1 0
 ∈ so (3) .
We have det J = 0, so m = 2n + k and m− k = rk J. Here m = 3 and rk
J = 2, then n = k = 1. The system (6) has beside the energy H1 = H, a
trivial invariant H2, i.e., suh that: J
∂H2
∂x = 0, or 0 −m3 m2m3 0 −m1
−m2 m1 0


∂H2
∂m1
∂H2
∂m2
∂H2
∂m3
 =
 00
0
 ,
implying
∂H2
∂m1
= m1,
∂H2
∂m2
= m2,
∂H2
∂m3
= m3, and onsequently
H2 =
1
2
(
m21 +m
2
2 +m
2
3
)
.
The system evolves on the intersetion of the sphere H1 = c1 and the el-
lipsoid H2 = c2. In R
3, this intersetion will be isomorphi to two irles(
with
c2
λ3
< c1 <
c2
λ1
)
. We shall show that the problem an be integrated in
terms of ellipti funtions, as Euler disovered using his then newly invented
theory of ellipti integrals. Observe that the rst equation of (6) reads
dm1
m2m3
= (λ3 − λ2) dt, (7)
where m1,m2 and m3 are related by
λ1m
2
1 + λ2m
2
2 + λ3m
2
3 = c1, m
2
1 +m
2
2 +m
2
3 = c2.
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Therefore, if λ2 6= λ3, we have
m2 = ±
√
c2λ3 − c1 + (λ1 − λ3)m21
λ3 − λ2 , m3 = ±
√
c1 − c2λ2 + (λ2 − λ1)m21
λ3 − λ2 .
Substituting these expressions into (7), we nd after integration that the
system (6) amounts to an ellipti integral∫ m1(t)
m1(0)
dm√
(m2 + a) (m2 + b)
= ct,
with respet to the ellipti urve
C : w2 = (z2 + a) (z2 + b) , (8)
with a = c2λ3−c1λ1−λ3 , b =
c1−c2λ2
λ2−λ1 , c =
√
(λ1 − λ3) (λ2 − λ1). Then the fun-
tions mi(t) an be expressed in terms of theta-funtions of t, aording to
the lassial inversion of abelian integrals.
We shall use the Lax representation of the equations of motion to show
that the linearized Euler ow an be realized on an ellipti urve isomorphi
to the original ellipti urve (8). The solution to (5) has the form
M (t) = O (t)M (t)M⊤ (t) ,
where O (t) is one parameter sub-group of SO (3) . So the hamiltonian ow
(5) preserves the spetrum of X and therefore its harateristi polynomial
det (M − zI) = −z (z2 +m21 +m22 +m23) . Unfortunately, the spetrum of a
3 × 3 skew- symmetri matrix provides only one piee of information; the
onservation of energy does not appear as part of the spetral information.
Therefore one is let to onsidering another formulation. The basi obser-
vation, due to Manakov [20] , is that equation (5) is equivalent to the Lax
equation
A˙ = [A,B] ,
where A = M + αh, B = ΛM + βh, with a formal indeterminate h and
α =
 α1 0 00 α2 0
0 0 α3
 , β =
 α1 0 00 β2 0
0 0 β3
 ,
λ1 =
β3 − β2
α3 − α2 , λ2 =
β1 − β3
α1 − α3 , λ3 =
β2 − β1
α2 − α1 ,
and all αi distint. The harateristi polynomial of A is
P (h, z) = det (A− zI) ,
= det (M + αh− zI) ,
=
3∏
j=1
(αjh− z) +
 3∑
j=1
αjm
2
j
h−
 3∑
j=1
m2j
 z.
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The spetrum of the matrix A = M + αh as a funtion of h ∈ C is time
independent and is given by the zeroes of the polynomial P (h, z) , thus
dening an algebrai urve (spetral urve). Letting w = h/z, we obtain the
following ellipti urve
z2
3∏
j=1
(αjw − 1) + 2H1w − 2H2 = 0,
whih is shown to be isomorphi to the original ellipti urve. Finally, we
have the
Theorem 7 The Euler rigid body motion is a ompletely integrable system
and the linearized ow an be realized on an ellipti urve.
2.2 The geodesi ow for a left invariant metri on SO (4) .
Consider the group SO(4) and its Lie algebra so(4) paired with itself, via
the ustomary inner produt 〈X,Y 〉 = −12 tr (X.Y ) , where
X =

0 −x3 x2 −x4
x3 0 −x1 −x5
−x2 x1 0 −x6
x4 x5 x6 0
 ∈ so(4).
A left invariant metri on SO(4) is dened by a non-singular symmetri
linear map Λ : so(4) −→ so(4), X 7−→ Λ.X, and by the following inner
produt; given two vetors gX and gY in the tangent spae SO(4) at the
point g ∈ SO(4), 〈gX, gY 〉 = 〈X,Λ−1.Y 〉 . Then the geodesi ow for this
metri takes the following ommutator form (Euler-Arnold equations) :
X˙ = [X,Λ.X] , (9)
where
Λ.X =

0 −λ3x3 λ2x2 −λ4x4
λ3x3 0 −λ1x1 −λ5x5
−λ2x2 λ1x1 0 −λ6x6
λ4x4 λ5x5 λ6x6 0
 ∈ so(4).
In view of the isomorphism between
(
R
6,∧) , and (so (4) , [, ]) we write the
system (9) as
x˙1 = (λ3 − λ2) x2x3 + (λ6 − λ5) x5x6,
x˙2 = (λ1 − λ3) x1x3 + (λ4 − λ4) x4x6,
x˙3 = (λ2 − λ1) x1x2 + (λ5 − λ4) x4x5,
x˙4 = (λ3 − λ5) x3x5 + (λ6 − λ2) x2x6,
x˙5 = (λ4 − λ3) x3x4 + (λ1 − λ6) x1x6,
x˙6 = (λ2 − λ4) x2x4 + (λ5 − λ1) x1x5.
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These equations an be written as a hamiltonian vetor eld
x˙(t) = J
∂H
∂x
, x ∈ R6, (10)
with
H =
1
2
〈X,ΛX〉 = 1
2
(
λ1x
2
1 + λ2x
2
2 + · · ·+ λ6x26
)
,
the hamiltonian and
J =

0 −x3 x2 0 −x6 x5
x3 0 −x1 x6 0 −x4
−x2 x1 0 −x5 x4 0
0 −x6 x5 0 −x3 x2
x6 0 −x4 x3 0 −x1
−x5 x4 0 −x2 x1 0
 ∈ so(6).
We have detJ = 0, so m = 2n + k and m − k = rk J. Here m = 6 and rg
J = 4, then n = k = 2. The system (10) has beside the energy H1 = H, two
trivial onstants of motion :
H2 =
1
2
(
x21 + x
2
2 + · · ·+ x26
)
,
H3 = x1x4 + x2x5 + x3x6.
Reall that H2 and H3 are alled trivial invariants (or Casimir funtions)
beause J ∂H2∂x = J
∂H3
∂x = 0. In order that the hamiltonian system (10) be
ompletely integrable, it is sues to have one more integral, whih we take
of the form
H4 =
1
2
(
µ1x
2
1 + µ2x
2
2 + · · ·+ µ6x26
)
.
The four invariants must be funtionally independent and in involution, so
in partiular
{H4,H3} =
〈
∂H4
∂x
, J
∂H3
∂x
〉
= 0,
i.e.,
((λ3 − λ2)µ1 + (λ1 − λ3)µ2 + (λ2 − λ1)µ3) x1x2x3
+((λ6 − λ5)µ1 + (λ1 − λ6)µ5 + (λ5 − λ1)µ6)x1x5x6
+((λ4 − λ6)µ2 + (λ6 − λ2)µ4 + (λ2 − λ4)µ6)x2x4x6
+((λ5 − λ4)µ3 + (λ3 − λ5)µ4 + (λ4 − λ3)µ5)x3x4x5 = 0.
Then
(λ3 − λ2)µ1 + (λ1 − λ3)µ2 + (λ2 − λ1)µ3 = 0,
(λ6 − λ5)µ1 + (λ1 − λ6)µ5 + (λ5 − λ1)µ6 = 0,
(λ4 − λ6)µ2 + (λ6 − λ2)µ4 + (λ2 − λ4)µ6 = 0,
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(λ5 − λ4)µ3 + (λ3 − λ5)µ4 + (λ4 − λ3)µ5 = 0.
Put
A =

λ3 − λ2 λ1 − λ3 λ2 − λ1 0 0 0
λ6 − λ5 0 0 0 λ1 − λ6 λ5 − λ1
0 λ4 − λ6 0 λ6 − λ2 0 λ2 − λ4
0 0 λ5 − λ4 λ3 − λ5 λ4 − λ3 0
 .
The number of solutions of this system is equal to the number of olumns
of the matrix A minus the rank of A. If rkA = 4, we have two solutions :
µi = 1 lead to the invariant H2 and µi = λi lead to the invariant H3. This
is unaeptable. If rkA = 3, eah four-order minor of A is singular. Now
λ3 − λ2 λ1 − λ3 λ2 − λ1 0
λ6 − λ5 0 0 0
0 λ4 − λ6 0 λ6 − λ2
0 0 λ5 − λ4 λ3 − λ5
 = − (λ6 − λ5)C,

λ1 − λ3 λ2 − λ1 0 0
0 0 0 λ1 − λ6
λ4 − λ6 0 λ6 − λ2 0
0 λ5 − λ4 λ3 − λ5 λ4 − λ3
 = (λ1 − λ6)C,

λ2 − λ1 0 0 0
0 0 λ1 − λ6 λ5 − λ1
0 λ6 − λ2 0 λ2 − λ4
λ5 − λ4 λ3 − λ5 λ4 − λ3 0
 = − (λ2 − λ1)C,
where
C ≡ λ1λ6λ4 + λ1λ2λ5 − λ1λ2λ4 + λ3λ6λ5 − λ3λ6λ4 − λ3λ2λ5
+λ4λ2λ5 + λ4λ1λ3 − λ4λ1λ5 + λ6λ2λ3 − λ6λ2λ5 − λ1λ6λ3,
and it follows that the ondition for whih these minors are zero is C = 0.
Notie that this relation holds by yling the indies : 1y 4, 2y 5,y 3y
6. Under Manakov [20] onditions,
λ1 =
β2 − β3
α2 − α3 , λ2 =
β1 − β3
α1 − α3 , λ3 =
β1 − β2
α1 − α2 , (11)
λ4 =
β1 − β4
α1 − α4 , λ5 =
β2 − β4
α2 − α4 , λ6 =
β3 − β4
α3 − α4 ,
where αi, βi ∈ C,
∏
i<j (αi − βj) 6= 0, equations (10) admits a Lax equation
with an indeterminate h :
˙
(
︷ ︸︸ ︷
X + αh) = [X + αh,ΛX + βh] , (12)
α =

α1 0 0 0
0 α2 0 0
0 0 α3 0
0 0 0 α4
 , β =

β1 0 0 0
0 β2 0 0
0 0 β3 0
0 0 0 β4
 .
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mX˙ = [X,Λ.X] ⇔ (9) ,
[X,β] + [α,Λ.X] = 0⇔ (11) ,
[α, β] = 0 trivially satised for diagonal matries.
The parameters µ1, . . . , µ6 an be parameterized (like λ1, . . . , λ6) by :
µ1 =
γ2 − γ3
α2 − α3 , µ2 =
γ1 − γ3
α1 − α3 , µ3 =
γ1 − γ2
α1 − α2
µ4 =
γ1 − γ4
α1 − α4 , µ5 =
γ2 − γ4
α2 − α4 , µ6 =
γ3 − γ4
α3 − α4 .
To use the method of isospetral deformations, onsider the Ka-Moody
extension (n = 4): L =
{∑N
−∞Aih
i : Narbitrary ∈ Z, Ai ∈ gl(n,R)
}
, of
gl(n,R) with the braket:
[∑
Aih
i,
∑
Bjh
j
]
=
∑
k
(∑
i+j=k [Ai, Bj ]
)
hk,
and the ad-invariant form:
〈∑
Aih
i,
∑
Bjh
j
〉
=
∑
i+j=−1〈Ai, Bj〉, where
〈, 〉 is the usual form dened on gl(n,R). Let K and N be respetively the
≥ 0 and < 0 powers of h in L, then L = K + N , for the pairing dened
above K = K⊥, N = N⊥, so that K = N ∗. The orbits desribed in
this way ome equipped with a sympleti struture with Poisson braket
{H1,H2} (α) = 〈α, [∇K∗H1,∇K∗H2]〉 , where α ∈ K∗ and ∇K∗H ∈ K. A-
ording to the Adler-Kostant-Symes theorem, the ow (12) is hamiltonian
on an orbit through the point X + ah, X ∈ so(4)) formed by the oadjoint
ation of the subgroup GN ⊂ SL (n) of lower triangular matries on the dual
Ka-Moody algebra N ∗ ≈ K⊥ = K. As a onsequene, the oeients of
zihi appearing in urve :
Γ :
{
(z, h) ∈ C2 : det (X + ah− zI) = 0} , (13)
assoiated to the equation (12) , are invariant of the system in involution for
the sympleti struture of this orbit. Notie that
det
(
gXg−1
)
= detX = (x1x4 + x2x5 + x3x6)
2 ,
tr
(
gXg−1
)2
= tr
(
gX2g−1
)
= tr
(
X2
)
= −2 (x21 + x22 + · · · + x26) .
Also the omplex ows generated by these invariants an be realized as
straight lines on the abelian variety dened by the periods of urve Γ. Ex-
pliitly, equation (13) looks as follows
Γ :
4∏
i=1
(αih− z) + 2H4h2 − 2H1zh+ 2H2z2 +H23 = 0,
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where H1(X) = c1, H2(X) = c2, H3(X) = 2H = c3, H4(X) = c4. with
c1, c2, c3, c4 generi onstants. Γ is a urve of genus 3 and it has a natural
involution σ : Γ → Γ , (z, h) 7→ (−z,−h). Therefore the jaobian variety
Jac(Γ) of Γ splits up into an even and old part : the even part is an el-
lipti urve Γ0 = Γ/σ and the odd part is a 2−dimensional abelian surfae
Prym(Γ/Γ0) alled the Prym variety : Jac(Γ) = Γ0 + Prym(Γ/Γ0). The
van Moerbeke-Mumford linearization method provides then an algebrai map
from the omplex ane variety
⋂4
i=1 {Hi(X) = ci} ⊂ C6 to the Jaobi vari-
ety Jac(Γ). By the antisymmetry of Γ , this map sends this variety to the
Prym variety Prym(Γ/Γ0) :
4⋂
i=1
{Hi(X) = ci} → Prym(Γ/Γ0) , p 7→
3∑
k=1
sk,
and the omplex ows generated by the onstants of the motion are straight
lines on Prym(Γ/Γ0). Finally, we have the
Theorem 8 The geodesi ow (9) is a hamiltonian system with
H ≡ H1 = 1
2
(
λ1x
2
1 + λ2x
2
2 + · · ·+ λ6x26
)
,
the hamiltonian. It has two trivial invariants
H2 =
1
2
(
x21 + x
2
2 + · · ·+ x26
)
,
H3 = x1x4 + x2x5 + x3x6.
Moreover, if
λ1λ6λ4 + λ1λ2λ5 − λ1λ2λ4 + λ3λ6λ5 − λ3λ6λ4 − λ3λ2λ5
+λ4λ2λ5 + λ4λ1λ3 − λ4λ1λ5 + λ6λ2λ3 − λ6λ2λ5 − λ1λ6λ3 = 0,
the system (9) has a fourth independent onstant of the motion of the form
H4 =
1
2
(
µ1x
2
1 + µ2x
2
2 + · · ·+ µ6x26
)
.
Then the system (9) is ompletely integrable and an be linearized on the
Prym variety Prym(Γ/Γ0).
2.3 The Toda lattie.
The Toda lattie equations (disretized version of the Korteweg-de Vries
equation
3
) motion of n partiles with exponential restoring fores are gov-
erned by the following hamiltonian
H =
1
2
N∑
i=1
p2i +
N∑
i=1
eqi−qi+1, qN+1 = q1.
3
In short K-dV equation :
∂u
∂t
− 6u ∂u
∂x
+ ∂
3u
∂x3
= 0. This is an innite-dimensional
ompletely integrable system.
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The hamiltonian equations an be written as follows
q˙i = pi, p˙i = −eqi−qi+1 + eqi−1−qi .
In term of the Flashka's variables [6] : ai =
1
2e
qi−qi+1 , bi = −12pi, Toda's
equations take the following form
a˙i = ai (bi+1 − bi) , b˙i = 2(a2i − a2i−1), (14)
with bN+1 = b1 and a0 = aN . To show that the system (14) is ompletely
integrable, one should nd N rst integrals independent and in involution
eah other. From the seond equation, we have
d
dt
N∑
i=1
bi =
N∑
i=1
dbi
dt
= 0,
and we normalize the bi's by requiring that
∑N
i=1 bi = 0. This is a rst
integral for the system. We further dene N ×N matries A and B with
A =

b1 a1 0 · · · aN
a1 b2
.
.
.
.
.
.
0
.
.
.
.
.
.
.
.
. 0
.
.
.
.
.
. bN−1 aN−1
aN · · · 0 aN−1 bN

, B =

0 a1 · · · · · · −aN
−a1 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. aN−1
aN · · · · · · −aN−1 0

.
Then (14) is equivalent to the Lax equation
A˙ = [B,A] .
From theorem 3, we know that the quantities Ik =
1
k trA
k, 1 ≤ k ≤ N, are
rst integrals of motion : To be more preise
I˙k = tr(A˙.A
k−1) = tr([B,A].Ak−1) = tr(BAk −ABAk−1) = 0.
Notie that I1 is the rst integral already know. Sine these N rst integrals
are shown to be independent and in involution eah other, the system (14)
is thus ompletely integrable.
2.4 The Garnier potential.
Consider the hamiltonian
H =
1
2
(
x21 + x
2
2
)− 1
2
(
λ1y
2
1 + λ2y
2
2
)
+
1
4
(
y21 + y
2
2
)2
, (15)
where λ1 and λ2 are onstants. The orresponding system is given by
y˙1 = x1, x˙1 =
(
λ1 − y21 − y22
)
y1, (16)
y˙2 = x2, x˙2 =
(
λ2 − y22 − y21
)
y2.
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Theorem 9 The system (16) has the additional rst integral
H2 =
1
4
(
(x1y2 − x2y1)2 −
(
λ2y
4
1 + λ1y
4
2
)− (λ1 + λ2) y21y22)
+
1
2
(
λ1λ2
(
y21 + y
2
2
)− (λ2x21 + λ1x22)) .
and is ompletely integrable. The ows generated by H1 = H(15) and H2
are straight line motions on the jaobian variety of a smooth genus two hy-
perellipti urve H(17) assoiated to a Lax equation.
Proof. We onsider the Lax representation in the form A˙ = [A,B] , with the
following ansatz for the Lax operator
A =
(
U V
W −U
)
, B =
(
0 1
R 0
)
where
V = −(h− λ1)(h− λ2)(1 + 1
2
(
y21
h− λ1 +
y22
h− λ2 )),
U =
1
2
(h− λ1)(h− λ2)( x1y1
h − λ1 +
x2y2
h− λ2 ),
W = (h− λ1)(h − λ2)(1
2
(
x21
h− λ1 +
x22
h− λ2 )− h+
1
2
(y21 + y
2
2)),
R = h− y21 − y22.
We form the urve in (z, h) spae
P (h, z) = det (A− zI) = 0,
whose oeients are funtions of the phase spae. Expliitly, this equation
looks as follows
H : z2 = P5 (h) , (17)
= (h− λ1)(h − λ2)(h3 − (λ1 + λ2)h2 + (λ1λ2 −H1)h−H2),
with H1 (15) the hamiltonian and a seond quarti integral H2 of the form
H2 = −1
4
(λ2y
4
1 + λ1y
4
2 + (λ1 + λ2)y
2
1y
2
2 − (x1y2 − x2y1)2)
−1
2
(λ2x
2
1 + λ1x
2
2 − λ1λ2(y21 + y22)).
The funtions H1 and H2 ommute : {H1,H2} = 0 and the system (16) is
ompletely integrable. The urve H determined by the fth-order equation
(17) is smooth, hyperellipti and its genus is 2. Obviously, H is invariant
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under the hyperellipti involution (h, z)y (h,−z) . Using the van Moerbeke-
Mumford linearization method, we show that the linearized ow ould be
realized on the jaobian variety Jac (H) of the genus 2 urve H. For generi
c = (c1, c2) ∈ C2 the ane variety dened by
Mc =
2⋂
i=1
{
x ∈ C4 : Hi (x) = ci
}
,
is a smooth ane surfae. Aording to the shema of [5] , we introdue
oordinates s1 and s2 on the surfae Mc, suh that Mc (si) = 0, λ1 6= λ2, i.e.,
s1 + s2 =
1
2
(
y21 + y
2
2
)
+ λ1 + λ2, s1s2 =
1
2
(
λ2y
2
1 + λ1y
2
2
)
+ λ1λ2.
After some algebrai manipulations, we obtain the following equations for s1
and s2 :
s˙1 = 2
√
P5 (s1)
s1 − s2 , s˙2 = 2
√
P5 (s2)
s2 − s1 ,
where P5 (s) is dened by (17) . These equations an be integrated by the
abelian mapping
H −→ Jac (H) = C2/L , p 7−→
(∫ p
p0
ω1 ,
∫ p
p0
ω2
)
,
where the hyperellipti urve H of genus two is given by the equation (17),
L is the lattie generated by the vetors n1 + Ωn2, (n1, n2) ∈ Z2,Ω is the
matrix of period of the urve H, (ω1, ω2) is a anonial basis of holomorphi
dierentials on H, i.e.,
ω1 =
ds√
P5 (s)
, ω2 =
sds√
P5 (s)
,
and p0 is a xed point. This onludes the proof of the theorem.
2.5 The oupled nonlinear Shrödinger equations.
The system of two oupled nonlinear Shrödinger equations is given by
i
∂a
∂z
+
∂2a
∂t2
+Ω0a+
2
3
(
|a|2 + |b|2
)
a+
1
3
(
a2 + b2
)
a = 0, (18)
i
∂b
∂z
+
∂2b
∂t2
− Ω0b+ 2
3
(
|a|2 + |b|2
)
b+
1
3
(
a2 + b2
)
b = 0,
where a (z, t) and b (z, t) are funtions of z and t, the bar − denotes the
omplex onjugation,  || denotes the modulus and Ω0 is a onstant. These
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equations play a signiant role in mathematis, with a important number
of physial appliations. We seek solutions of (18) in the following form
a (z, t) = y1 (t) exp (iΩz) , b (z, t) = y2 (t) exp (iΩz) ,
where y1 (t) et y2 (t) are two funtions and Ω is an arbitrary onstant. Then
we obtain the system
y¨1 +
(
y21 + y
2
2
)
y1 = (Ω− Ω0) y1,
y¨2 +
(
y21 + y
2
2
)
y2 = (Ω + Ω0) y2.
The latter oinides obviously with (16) for λ1 = Ω− Ω0 and λ2 = Ω+ Ω0.
2.6 The Yang-Mills equations.
We onsider the Yang-Mills system for a eld with gauge group SU(2) :
▽jFjk =
∂Fjk
∂τj
+ [Aj , Fjk] = 0,
where Fjk, Aj ∈ TeSU(2), 1 ≤ j, k ≤ 4 and Fjk = ∂Ak∂τj −
∂Aj
∂τk
+ [Aj , Ak] .
The self-dual Yang-Mills (SDYM) equations is an universal system for whih
some redutions inlude all lassial tops from Euler to Kowalewski (0+1-
dimensions), K-dV, Nonlinear Shrödinger, Sine-Gordon, Toda lattie and N-
waves equations (1+1-dimensions), KP and D-S equations (2+1-dimensions).
In the ase of homogeneous double-omponent eld, we have ∂jAk = 0, j 6=
1, A1 = A2 = 0, A3 = n1U1 ∈ su(2), A4 = n2U2 ∈ su(2) where ni are su(2)-
generators (i.e., they satisfy ommutation relations : n1 = [n2, [n1, n2]], n2 =
[n1, [n2, n1]]). The system beomes
∂2U1
∂t2
+ U1U
2
2 = 0,
∂2U2
∂t2
+ U2U
2
1 = 0,
with t = τ1. By setting Uj = qj,
∂Uj
∂t = pj, j = 1, 2, Yang-Mills equations are
redued to hamiltonian system
x˙ = J
∂H
∂x
, x = (q1, q2, p1, p2)
⊺, J =
(
O −I
I O
)
,
with H = 12(p
2
1+p
2
2+q
2
1q
2
2), the hamiltonian. The sympleti transformation
p1 x
√
2
2 (p1+ p2), p2 x
√
2
2 (p1− p2), q1 x 12( 4
√
2)(q1+ iq2), q2 x
1
2 (
4
√
2)(q1−
iq2), takes this hamiltonian into
H =
1
2
(p21 + p
2
2) +
1
4
q41 +
1
4
q42 +
1
2
q21q
2
2,
whih oinides with (15) for λ1 = λ2 = 0.
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3 Algebrai omplete integrability
We give some results about abelian surfaes whih will be used, as well as the
basi tehniques to study two-dimensional algebrai ompletely integrable
systems. Let M = C/Λ be a n−dimensional abelian variety where Λ is the
lattie generated by the 2n olumns λ1, . . . , λ2n of the n× 2n period matrix
Ω and let D be a divisor on M. Dene L(D) = {fmeromorphi onM : (f) ≥
−D}, i.e., for D =∑ kjDj a funtion f ∈ L(D) has at worst a kj−fold pole
along Dj. The divisor D is alled ample when a basis (f0, . . . , fN ) of L(kD)
embeds M smoothly into PN for some k, via the map M → PN , p 7→ [1 :
f1(p) : ... : fN (p)], then kD is alled very ample. It is known that every
positive divisor D on an irreduible abelian variety is ample and thus some
multiple of D embeds M into PN . By a theorem of Lefshetz, any k ≥ 3
will work. Moreover, there exists a omplex basis of C
n
suh that the lattie
expressed in that basis is generated by the olumns of the n × 2n period
matrix  δ1 0 |. .
. | Z
0 δn |
 ,
with Z⊤ = Z, ImZ > 0, δj ∈ N∗ and δj |δj+1. The integers δj whih provide
the so-alled polarization of the abelian variety M are then related to the
divisor as follows :
dimL(D) = δ1 . . . δn. (19)
In the ase of a 2−dimensional abelian varieties (surfaes), even more an be
stated : the geometri genus g of a positive divisor D (ontaining possibly
one or several urves) on a surfae M is given by the adjuntion formula
g(D) = KM .D +D.D
2
+ 1, (20)
where KM is the anonial divisor onM, i.e., the zero-lous of a holomorphi
2−form, D.D denote the number of intersetion points ofD with a+D (where
a+ D is a small translation by a of D on M), where as the Riemann-Roh
theorem for line bundles on a surfae tells you that
χ(D) = pa(M) + 1 + 1
2
(D.D −DKM ), (21)
where pa (M) is the arithmeti genus ofM and χ(D) the Euler harateristi
of D. To study abelian surfaes using Riemann surfaes on these surfaes,
we reall that
χ(D) = dimH0(M,OM (D))− dimH1(M,OM (D)),
= dimL(D)− dimH1(M,Ω2(D ⊗K∗M )), (Kodaira-Serre duality),
= dimL(D), (Kodaira vanishing theorem), (22)
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whenever D ⊗K∗M denes a positive line bundle. However for abelian sur-
faes, KM is trivial and pa(M) = −1; therefore ombining relations (19),
(20), (21) and (22),
χ (D) = dimL(D) = D.D
2
= g (D)− 1 = δ1δ2.
A divisor D is alled projetively normal, when the natural map L(D)⊗k →
L(kD), is surjetive, i.e., every funtion of L(kD) an be written as a linear
ombination of k-fold produts of funtions of L(D). Not every very ample
divisor D is projetively normal but if D is linearly equivalent to kD0 for
k ≥ 3 for some divisor D0, then D is projetively normal.
Now onsider the exat sheaf sequene
0 −→ OC pi
∗−→ O eC −→ X −→ 0,
where C is a singular onneted Riemann surfae, C˜ =
∑
Cj the orrespond-
ing set of smooth Riemann surfaes after desingularization and π : C˜ → C
the projetion. The exatness of the sheaf sequene shows that the Euler
harateristi
X (O) = dimH0(O)− dimH1(O),
satisfy
X (OC)− X (O eC) + X (X) = 0, (23)
where X (X) only aounts for the singular points p of C; X (Xp) is the di-
mension of the set of holomorphi funtions on the dierent branhes around
p taken separately, modulo the holomorphi funtions on the Riemann sur-
fae C near that singular point. Consider the ase of a planar singularity (in
this paper, we will be onerned by a tanode for whih X (X) = 2, as well),
i.e., the tangents to the branhes lie in a plane. If fj(x, y) = 0 denote the
jth branh of C running through p with loal parameter sj, then
X (Xp) = dimΠjC[[sj]]/ C[[x, y]]
Πjfj(x, y)
.
So using (22) and Serre duality, we obtain X (OC) = 1− g(C) and X (O eC) =
n−∑nj=1 g(Cj). Also, replaing in the formula (23), gives
g(C) =
n∑
j=1
g(Cj) + X (X) + 1− n.
Finally, reall that a Kähler variety is a variety with a Kähler metri, i.e., a
hermitian metri whose assoiated dierential 2-form of type (1, 1) is losed.
The omplex torus C
2/lattice with the eulidean metri
∑
dzi ⊗ dzi is a
Kähler variety and any ompat omplex variety that an be embedded in
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projetive spae is also a Kähler variety. Now, a ompat omplex Kähler
variety having as many independent meromorphi funtions as its dimension
is a projetive variety.
Consider now hamiltonian problems of the form
XH : x˙ = J
∂H
∂x
≡ f(x), x ∈ Rm, (24)
where H is the hamiltonian and J = J(x) is a skew-symmetri matrix
with polynomial entries in x, for whih the orresponding Poisson braket
{Hi,Hj} = 〈∂Hi∂x , J
∂Hj
∂x 〉, satises the Jaobi identities. The system (24)
with polynomial right hand side will be alled algebrai omplete integrable
(a..i.) when :
i) The system possesses n+k independent polynomial invariants H1, ...,Hn+k
of whih k lead to zero vetor elds J
∂Hn+i
∂x (x) = 0, 1 ≤ i ≤ k, the n re-
maining ones are in involution (i.e., {Hi,Hj} = 0) and m = 2n+k. For most
values of ci ∈ R, the invariant varieties
n+k⋂
i=1
{x ∈ Rm : Hi = ci} are assumed
ompat and onneted. Then, aording to the Arnold-Liouville theorem,
there exists a dieomorphism
n+k⋂
i=1
{x ∈ Rm : Hi = ci} → Rn/Lattice,
and the solutions of the system (24) are straight lines motions on these tori.
ii) The invariant varieties, thought of as ane varieties in Cm an be om-
pleted into omplex algebrai tori, i.e.,
n+k⋂
i=1
{Hi = ci, x ∈ Cm} ∪ D = Cn/Lattice,
where C
n/Lattice is a omplex algebrai torus (i.e., abelian variety) and D
a divisor. Algebrai means that the torus an be dened as an intersetion
M⋂
i=1
{Pi(X0, ...,XN ) = 0} involving a large number of homogeneous polynomi-
als Pi. In the natural oordinates (t1, ..., tn) of C
n
/Lattice oming from Cn,
the funtions xi = xi(t1, ..., tn) are meromorphi and (24) denes straight
line motion on C
n/Lattice. Condition i) means, in partiular, there is an al-
gebrai map (x1(t), ..., xm(t)) 7→ (µ1(t), ..., µn(t)) making the following sums
linear in t :
n∑
i=1
∫ µi(t)
µi(0)
ωj = djt , 1 ≤ j ≤ n, dj ∈ C,
where ω1, ..., ωn denote holomorphi dierentials on some algebrai urves.
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The existene of a oherent set of Laurent solutions :
xi =
∞∑
j=0
x
(j)
i t
j−ki, ki ∈ Z, some ki > 0, (25)
depending on dim (phase space) − 1 = m − 1 free parameters is neessary
and suient for a hamiltonian system with the right number of onstants
of motion to be a..i. So, if the hamiltonian ow (24) is a..i., it means
that the variables xi are meromorphi on the torus C
n/Lattice and by om-
patness they must blow up along a odimension one subvariety (a divisor)
D ⊂ Cn/Lattice. By the a..i. denition, the ow (24) is a straight line
motion in C
n/Lattice and thus it must hit the divisor D in at least one
plae. Moreover through every point of D, there is a straight line motion
and therefore a Laurent expansion around that point of intersetion. Hene
the dierential equations must admit Laurent expansions whih depend on
the n−1 parameters dening D and the n+k onstants ci dening the torus
C
n/Lattice , the total ount is therefore m − 1 = dim (phase space) − 1
parameters.
Assume now hamiltonian ows to be (weight)-homogeneous with a weight
νi ∈ N, going with eah variable xi, i.e.,
fi (α
ν1x1, ..., α
νmxm) = α
νi+1fi (x1, ..., xm) , ∀α ∈ C.
Observe that then the onstants of the motion H an be hosen to be
(weight)-homogeneous :
H (αν1x1, ..., α
νmxm) = α
kH (x1, ..., xm) , k ∈ Z.
If the ow is algebraially ompletely integrable, the dierential equations
(24) must admits Laurent series solutions (25) depending on m − 1 free
parameters. We must have ki = νi and oeients in the series must satisfy
at the 0
th
step non-linear equations,
fi
(
x
(0)
1 , ..., x
(0)
m
)
+ gix
(0)
i = 0, 1 ≤ i ≤ m, (26)
and at the k
th
step, linear systems of equations :
(L− kI) z(k) =
{
0 for k = 1
some polynomial in x(1), ..., x(k−1) for k > 1,
(27)
where
L = Jaobian map of (26) =
∂f
∂z
+ gI |z=z(0) .
If m−1 free parameters are to appear in the Laurent series, they must either
ome from the non-linear equations (26) or from the eigenvalue problem (27) ,
i.e., L must have at least m − 1 integer eigenvalues. These are muh less
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onditions than expeted, beause of the fat that the homogeneity k of the
onstant H must be an eigenvalue of L Moreover the formal series solutions
are onvergent as a onsequene of the majorant method. Next we assume
that the divisor is very ample and in addition projetively normal. Consider
a point p ∈ D, a hart Uj around p on the torus and a funtion yj in L(D)
having a pole of maximal order at p. Then the vetor (1/yj , y1/yj , . . . , yN/yj)
provides a good system of oordinates in Uj . Then taking the derivative with
regard to one of the ows
(
yi
yj
)˙ =
y˙iyj − yiy˙j
y2j
, 1 ≤ j ≤ N,
are nite on Uj as well. Therefore, sine y
2
j has a double pole along D, the
numerator must also have a double pole (at worst), i.e., y˙iyj− yiy˙j ∈ L(2D).
Hene, when D is projetively normal, we have that
(
yi
yj
)˙ =
∑
k,l
ak,l(
yk
yj
)(
yl
yj
),
i.e., the ratios yi/yj form a losed system of oordinates under dierentiation.
At the bad points, the onept of projetive normality play an important role:
this enables one to show that yi/yj is a bona de Taylor series starting from
every point in a neighbourhood of the point in question.
To prove the algebrai omplete integrability of a given hamiltonian sys-
tem, the main steps of the method are :
- The rst step is to show the existene of the Laurent solutions, whih
requires an argument preisely every time k is an integer eigenvalue of L and
therefore L− kI is not invertible.
- One shows the existene of the remaining onstants of the motion in
involution so as to reah the number n+ k.
- For given c1, ..., cm, the set
D ≡
{
xi (t) = t
−νi
(
x
(0)
i + x
(1)
i t+ x
(2)
i t
2 + · · ·
)
, 1 ≤ i ≤ m,
Laurent solutions suh that : Hj (xi (t)) = cj + Taylor part ,
}
denes one or several n − 1 dimentional algebrai varieties (divisor) having
the property that
n+k⋂
i=1
{Hi = ci, z ∈ Cm} ∪ D = a smooth ompat, onneted variety
with n ommuting vetor elds
independent at every point.
= a omplex algebrai torus T n = Cn/Lattice.
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The ows J
∂Hk+i
∂z , ..., J
∂Hk+n
∂z are straight line motions on T
n.
From the divisor D, a lot of information an be obtained with regard to the
periods and the ation-angle variables.
3.1 A ve-dimensional system
Consider the following system of ve dierential equations in the unknowns
z1, . . . , z5 :
z˙1 = 2z4, z˙3 = z2(3z1 + 8z
2
2),
z˙2 = z3, z˙4 = z
2
1 + 4z1z
2
2 + z5, (28)
z˙5 = 2z1z4 + 4z
2
2z4 − 2z1z2z3.
The following three quartis are onstants of motion for this system
F1 =
1
2
z5 − z1z22 +
1
2
z23 −
1
4
z21 − 2z42 ,
F2 = z
2
5 − z21z5 + 4z1z2z3z4 − z21z23 +
1
4
z41 − 4z22z24 , (29)
F3 = z1z5 + z
2
1z
2
2 − z24 .
This system is ompletely integrable and the hamiltonian struture is de-
ned by the Poisson braket {F,H} = 〈∂F∂z , J ∂H∂z 〉 =∑5k,l=1 Jkl ∂F∂zk ∂H∂zl , where
∂H
∂z = (
∂H
∂z1
, ∂H∂z2 ,
∂H
∂z3
, ∂H∂z4 ,
∂H
∂z5
)⊤, and
J =

0 0 0 2z1 4z4
0 0 1 0 0
0 −1 0 0 −4z1z2
−2z1 0 0 0 2z5 − 8z1z22
−4z4 0 4z1z2 −2z5 + 8z1z22 0
 ,
is a skew-symmetri matrix for whih the orresponding Poisson braket sat-
ises the Jaobi identities. The system (28) an be written as z˙ = J ∂H∂z , z =
(z1, z2, z3, z4, z5)
⊤, where H = F1. The seond ow ommuting with the rst
is regulated by the equations z˙ = J ∂F2∂z , z = (z1, z2, z3, z4, z5)
⊤. These vetor
elds are in involution : {F1, F2} = 〈∂F1∂z , J ∂F2∂z 〉 = 0, and the remaining one
is asimir : J ∂F3∂z = 0. The invariant variety A dened by
A =
2⋂
k=1
{z : Fk(z) = ck} ⊂ C5, (30)
is a smooth ane surfae for generi values of (c1, c2, c3) ∈ C3. So, the ques-
tion I address is how does one nd the ompatiation of A into an abelian
surfae? The idea of the diret proof we shall give here is losely related
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to the geometri spirit of the (real) Arnold-Liouville theorem. Namely, a
ompat omplex n-dimensional variety on whih there exist n holomorphi
ommuting vetor elds whih are independent at every point is analytially
isomorphi to a n-dimensional omplex torus Cn/Lattice and the omplex
ows generated by the vetor elds are straight lines on this omplex torus.
Now, the main problem will be to omplete A (30) into a non singular om-
pat omplex algebrai variety A˜ = A ∪ D in suh a way that the vetor
elds XF1 and XF2 generated respetively by F1 and F2, extend holomor-
phially along a divisor D and remain independent there. If this is possible,
A˜ is an algebrai omplex torus (an abelian variety) and the oordinates
z1, . . . , z5 restrited to A are abelian funtions. A naive guess would be to
take the natural ompatiation A of A by projetivizing the equations:
A =
⋂3
k=1{Fk(Z) = ckZ40} ⊂ P5. Indeed, this an never work for a general
reason : an abelian variety A˜ of dimension bigger or equal than two is never
a omplete intersetion, that is it an never be desribed in some projetive
spae P
n
by n-dim A˜ global polynomial homogeneous equations. In other
words, if A is to be the ane part of an abelian surfae, A must have a
singularity somewhere along the lous at innity A ∩ {Z0 = 0} . In fat, we
shall show that the existene of meromorphi solutions to the dierential
equations (28) depending on 4 free parameters an be used to manufature
the tori, without ever going through the deliate proedure of blowing up
and down. Information about the tori an then be gathered from the divisor.
Theorem 10 The system (28) possesses Laurent series solutions whih de-
pend on 4 free parameters : α, β, γ and θ. These meromorphi solutions
restrited to the surfae A(30) are parameterized by two opies C−1 and C1
of the same Riemann surfae (32) of genus 7.
Proof. The rst fat to observe is that if the system is to have Laurent solu-
tions depending on 4 free parameters α, β, γ, θ, the Laurent deomposition
of suh asymptoti solutions must have the following form
z1 =
1
t
α− 1
2
α2 + βt− 1
16
α
(
α3 + 4β
)
t2 + γt3 + · · · ,
z2 =
1
2t
ε− 1
4
εα +
1
8
εα2t− 1
32
ε
(−α3 + 12β) t2 + θt3 + · · · ,
z3 = − 1
2t2
ε+
1
8
εα2 − 1
16
ε
(−α3 + 12β) t+ 3θt2 + · · · , (31)
z4 = − 1
2t2
α+
1
2
β − 1
16
α
(
α3 + 4β
)
t+
3
2
γt2 + · · · ,
z5 =
1
2t2
α2 − 1
4t
(
α3 + 4β
)
+
1
4
α
(
α3 + 2β
) − (α2β − 2γ + 4εθα) t+ · · · ,
with ε = ±1. Using the majorant method, we an show that these series
are onvergent. Substituting the Laurent solutions (31) into (29): F1 = c1,
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F2 = c2 and F3 = c3, and equating the t
0
-terms yields
F1 =
7
64
α4 − 1
8
αβ − 5
2
εθ = c1,
F2 =
1
16
(
4β − α3) (4α2β − α5 + 64εθα − 32γ) = c2,
F3 = − 1
32
α6 − β2 − 1
4
α3β − 3εθα2 + 4αγ = c3.
Eliminating γ and θ from these equations, leads to an equation onneting
the two remaining parameters α and β :
C : 64β3 − 16α3β2 − 4 (α6 − 32α2c1 − 16c3)β
+α
(
32c2 − 32α4c1 + α8 − 16α2c3
)
= 0. (32)
The Laurent solutions restrited to the surfae A(30) are thus parameter-
ized by two opies C−1 and C1 of the same Riemann surfae C(32). Aording
to the Riemann-Hurwitz formula, the genus of the Riemann surfae C is 7,
whih establishes the theorem.
In order to embed C into some projetive spae, one of the key underly-
ing priniples used is the Kodaira embedding theorem, whih states that a
smooth omplex manifold an be smoothly embedded into projetive spae
P
N
with the set of funtions having a pole of order k along positive di-
visor on the manifold, provided k is large enough; fortunately, for abelian
varieties, k need not be larger than three aording to Lefshetz. These fun-
tions are easily onstruted from the Laurent solutions (31) by looking for
polynomials in the phase variables whih in the expansions have at most a
k-fold pole. The nature of the expansions and some algebrai proprieties of
abelian varieties provide a reipe for when to terminate our searh for suh
funtions, thus making the proedure implementable. Preisely, we wish to
nd a set of polynomial funtions {f0, . . . , fN}, of inreasing degree in the
original variables z1, . . . , z5 having the property that the embedding D of
C1 + C−1 into PN via those funtions satises the relation : geometri genus
(D) ≡ g(D) = N +2. A this point, it may be not so lear why D must really
live on an abelian surfae. Let us say, for the moment, that the equations of
the divisor D (i.e., the plae where the solutions blow up), as a Riemann sur-
fae traed on the abelian surfae A˜ (to be onstruted in theorem 12), must
be understood as relations onneting the free parameters as they appear
rstly in the expansions (31). This means that (32) must be understood as
relations onneting α and β. Let
L(r) =

polynomials f = f(z, . . . , z5)
of degree ≤ r, suh that
f(z(t)) = t−1(z(0) + . . .),
with z(0) 6= 0 on D
and with z(t) as in (4)

/[Fk = ck, k = 1, 2, 3],
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and let (f0, f1, . . . , fNr) be a basis of L
(r).We look for r suh that : g(D(r)) =
Nr + 2,D(r) ⊂ PNr . We shall show that it is unneessary to go beyond r=4.
Theorem 11 a) The spaes L(r), nested aording to weighted degree, are
generated as follows
L(1) = {f0, f1, f2},
L(2) = L(1) ⊕ {f3, f4, f5, f6},
L(3) = L(2) ⊕ {f7, f8, f9, f10},
L(4) = L(3) ⊕ {f12, f13, f14, f15}, (33)
where f0 = 1, f1 = z1, f2 = z2, f3 = 2z5 − z21 , f4 = z3 + 2εz22 , f5 = z4 +
εz1z2, f6 = [f1, f2] , f7 = f1(f1 + 2εf4), f8 = f2(f1 + 2εf4), f9 = z4(f3 +
2εf6), f10 = z5(f3 + 2εf6), f11 = f5(f1 + 2εf4), f12 = f1f2(f3 + 2εf6), f13 =
f4f5+ [f1, f4] , f14 = [f1, f3] + 2ε [f1, f6] , f15 = f3− 2z5+4f24 , with [sj , sk] =
s˙jsk − sj s˙k, the wronskien of sk and sj.
b) L(4) provides an embedding of D(4) into projetive spae P15 and D(4) has
genus 17.
Proof. a) The proof of a) is straightforward and an be done by inspetion
of the expansions (31).
b) It turns out that neither L(1), nor L(2), nor L(3), yields a Riemann surfae
of the right genus; in fat g(D(r)) 6= dimL(r) + 1, r = 1, 2, 3. For instane,
the embedding into P
2
via L(1) does not separate the sheets, so we pro-
eed to L(2) and the orresponding embedding into P6 is unaeptable sine
g(D(2)) − 2 > 6 and D(2) ⊂ P6 6= Pg−2, whih ontradits the fat that
Nr = g(D(2)) − 2. So we proeed to L(3) and we onsider the orrespond-
ing embedding into P
10
, aording to the funtions (f0, . . . , f10). For nite
values of α and β, dividing the vetor (f0, . . . , f10) by f2 and taking the
limit t → 0, to yield [0 : 2εα : 1 : −ε(4β − α3) : −α : −εα2 : 12(4β − α3) :
εα3 : 12α
2 : 14εα
3(4β − α3) : −14εα4(4β − α3)]. The point α = 0 require
speial attention. Indeed near α = 0, the parameter β behaves as follows
: β ∼ 0, i√c3,−i√c3. Thus near (α, β) = (0, 0), the orresponding point
is mapped into the point [0 : 0 : 1 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0] in P10
whih is independent of ε = ±1, whereas near the point (α, β) = (0, i√c3)
(resp. (α, β) = (0,−i√c3)) leads to two dierent points : [0 : 0 : 1 :
−4εi√c3 : 0 : 0 : 2εi√c3 : 0 : 0 : 0 : 0] (resp. [0 : 0 : 1 : 4εi√c3 : 0 :
0 : −2εi√c3 : 0 : 0 : 0 : 0]), aording to the sign of ε. The Riemann sur-
fae (31) has three points overing α = ∞, at whih β behaves as follows
: β ∼ −1279216 α3, 1432α3
(
1333 − 1295i√3) , 1432α3 (1333 + 1295i√3) . Then by
dividing the vetor (f0, . . . , f10) by f10, the orresponding point is mapped
into the point [0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 1] in P10. Thus,
g(D(3)) − 2 > 10 and D(2) ⊂ P10 6= Pg−2, whih ontradits the fat that
Nr = g(D(3)) − 2. Consider now the embedding D(4) into P15 using the 16
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funtions f0, . . . , f15 of L
(4)
(33). It is easily seen that these funtions separate
all points of the Riemann surfae (exept perhaps for the points at α = ∞
and α = β = 0) : The Riemann surfaes C1 and C−1 are disjoint for nite
values of α and β exept for α = β = 0; dividing the vetor (f0, . . . , f15)
by f2 and taking the limit t → 0, to yield [0 : 2εα : 1 : −ε(4β − α3) :
−α : −εα2 : 12(4β − α3) : εα3 : 12α2 : 14εα3(4β − α3) : −14εα4(4β − α3) :
−12εα4 : −14α3(4β − α3) : 34α
(
4β − α3) : εα3 (4β − α3) : −2εα3], As before,
the point α = 0 require speial attention and the parameter β behaves as
follows : β ∼ 0, i√c3,−i√c3. Thus near (α, β) = (0, 0), the orresponding
point is mapped into the point [0 : 0 : 1 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 :
0 : 0 : 0 : 0] in P15 whih is independent of ε = ±1, whereas near the point
(α, β) = (0, i
√
c3) (resp. (α, β) = (0,−i√c3)) leads to two dierent points
: [0 : 0 : 1 : −4εi√c3 : 0 : 0 : 2εi√c3 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0] (resp.
[0 : 0 : 1 : 4εi
√
c3 : 0 : 0 : −2εi√c3 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0]),
aording to the sign of ε. About the point α = ∞, it is appropriate
to divide by f10; then the orresponding point is mapped into the point
[0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 0 : 1 : 0 : 0 : 0 : 0 : 0], in P15 whih is
independent of ε. The divisor D(4) obtained in this way has genus 17 and
D(4) ⊂ P15 = Pg−2, as desired. This ends the proof of the theorem.
Let L = L(4) and D = D(4). Next we wish to onstrut a surfae strip
around D whih will support the ommuting vetor elds. In fat, D has
a good hane to be very ample divisor on an abelian surfae, still to be
onstruted.
Theorem 12 The variety A(30) generially is the ane part of an abelian
surfae A˜. The redued divisor at innity A˜\A = C1 + C−1, onsists of two
opies C1 and C−1 of the same genus 7 Riemann surfae C(32). The system
of dierential equations (28) is algebraially ompletely integrable and the
orresponding ows evolve on A˜.
Proof. We need to attahes the ane part of the intersetion of the three
invariants F1, F2, F3 so as to obtain a smooth ompat onneted surfae
in P
15. To be preise, the orbits of the vetor eld (28) running through
D form a smooth surfae Σ near D suh that Σ\A ⊆ A˜ and the variety
A˜ = A ∪Σ is smooth, ompat and onneted. Indeed, let ψ(t, p) = {z(t) =
(z1(t), . . . , z5(t)) : t ∈ C, 0 < |t| < ε}, be the orbit of the vetor eld (28) go-
ing through the point p ∈ A. Let Σp ⊂ P15 be the surfae element formed by
the divisor D and the orbits going through p, and set Σ ≡ ∪p∈DΣp. Consider
the Riemann surfae D′ = H∩Σ where H ⊂ P15 is a hyperplane transversal
to the diretion of the ow. If D′ is smooth, then using the impliit funtion
theorem the surfae Σ is smooth. But if D′ is singular at 0, then Σ would be
singular along the trajetory (t−axis) whih go immediately into the ane
part A. Hene, A would be singular whih is a ontradition beause A is
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the bre of a morphism from C
5
to C
3
and so smooth for almost all the
three onstants of the motion ck. Next, let A be the projetive losure of
A into P
5, let Z = [Z0 : Z1 : . . . : Z5] ∈ P5 and let I = A ∩ {Z0 = 0}
be the lous at innity. Consider the map A ⊆ P5 → P15, Z 7→ f(Z),
where f = (f0, f1, ..., f15) ∈ L(D) and let A˜ = f(A). In a neighbourhood
V (p) ⊆ P15 of p, we have Σp = A˜ and Σp\D ⊆ A. Otherwise there would
exist an element of surfae Σ′p ⊆ A˜ suh that Σp ∩ Σ′p = (t − axis), or-
bit ψ(t, p) = (t − axis)\ p ⊆ A, and hene A would be singular along the
t−axis whih is impossible. Sine the variety A ∩ {Z0 6= 0} is irreduible
and sine the generi hyperplane setion Hgen. of A is also irreduible, all
hyperplane setions are onneted and hene I is also onneted. Now, on-
sider the graph Γf ⊆ P5 × P15 of the map f, whih is irreduible together
with A. It follows from the irreduibility of I that a generi hyperplane
setion Γf ∩ {Hgen. × P15} is irreduible, hene the speial hyperplane se-
tion Γf ∩ {{Z0 = 0} × P15} is onneted and therefore the projetion map
projP15{Γf ∩ {{Z0 = 0} × P15}} = f(I) ≡ D, is onneted. Hene, the
variety A ∪ Σ = A˜ is ompat, onneted and embeds smoothly into P15
via f. We wish to show that A˜ is an abelian surfae equipped with two ev-
erywhere independent ommuting vetor elds. For doing that, let φτ1 and
φτ2 be the ows orresponding to vetor elds XF1 and XF2 . The latter
are generated respetively by F1 and F2. For p ∈ D and for small ε > 0,
φτ1(p),∀τ1, 0 < |τ1| < ε, is well dened and φτ1(p) ∈ A˜\A. Then we may de-
ne φτ2 on A˜ by φτ2(q) = φ−τ1φτ2φτ1(q), q ∈ U(p) = φ−τ1(U(φτ1(p))), where
U(p) is a neighbourhood of p. By ommutativity one an see that φτ2 is in-
dependent of τ1; φ
−τ1−ε1φτ2φτ1+ε1(q) = φ−τ1φ−ε1φτ2φτ1φε1 = φ−τ1φτ2φτ1(q).
We arm that φτ2(q) is holomorphi away from D. This beause φτ2φτ1(q)
is holomorphi away from D and that φτ1 is holomorphi in U(p) and maps
bi-holomorphially U(p) onto U(φτ1(p)). Now, sine the ows φτ1 and φτ2 are
holomorphi and independent on D, we an show along the same lines as in
the Arnold-Liouville theorem [15℄ that A˜ is a omplex torus C2/lattice and
so in partiular A˜ is a Kähler variety. And that will done, by onsidering the
loal dieomorphism C
2 → A˜, (τ1, τ2) 7→ φτ1φτ2(p), for a xed origin p ∈ A.
The additive subgroup {(τ1, τ2) ∈ C2 : φτ1φτ2(p) = p} is a lattie of C2,
hene C
2/lattice→ A˜ is a biholomorphi dieomorphism and A˜ is a Kähler
variety with Kähler metri given by dτ1 ⊗ dτ 1 + dτ2 ⊗ dτ2. As mentioned in
appendix A, a ompat omplex Kähler variety having the required number
as (its dimension) of independent meromorphi funtions is a projetive va-
riety. In fat, here we have A˜ ⊆ P15. Thus A˜ is both a projetive variety and
a omplex torus C
2/lattice and hene an abelian surfae as a onsequene
of Chow theorem. This ompletes the proof of the theorem.
Remark 3.1 a) Note that the reetion σ on the ane variety A amounts to
the ip σ : (z1, z2, z3, z4, z5) 7→ (z1,−z2, z3,−z4, z5), hanging the diretion
of the ommuting vetor elds. It an be extended to the (-Id)-involution
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about the origin of C
2
to the time ip (t1, t2) 7→ (−t1,−t2) on A˜, where
t1 and t2 are the time oordinates of eah of the ows XF1 and XF2 . The
involution σ ats on the parameters of the Laurent solution (30) as follows σ :
(t, α, β, γ, θ) 7−→ (−t,−α,−β,−γ, θ), interhanges the Riemann surfaes Cε
and the linear spae L an be split into a diret sum of even and odd funtions.
Geometrially, this involution interhanges C1 and C−1, i.e., C−1 = σC1.
b) Consider on A˜ the holomorphi 1-forms dt1 and dt2 dened by dti(XFj ) =
δij , where XF1 and XF2 are the vetor elds generated respetively by F1 and
F2. Taking the dierentials of ζ = 1/z1 and ξ = z1/z2 viewed as funtions
of t1 and t2, using the vetor elds and the Laurent series (31) and solving
linearly for dt1 and dt2, we obtain the holomorphi dierentials
ω1 = dt1|Cε =
1
△(
∂ξ
∂t2
dζ − ∂ζ
∂t2
dξ)|Cε =
8
α (−4β + α3)dα,
ω2 = dt2|Cε =
1
△(
−∂ξ
∂t1
dζ − ∂ζ
∂t1
dξ)|Cε =
2
(−4β + α3)2dα,
with ∆ ≡ ∂ζ∂t1
∂ξ
∂t2
− ∂ζ∂t2
∂ξ
∂t1
. The zeroes of ω2 provide the points of tangeny of
the vetor eld XF1 to Cε. We have ω1ω2 = 4α
(−4β + α3) , and XF1 is tangent
to Hε at the point overing α =∞.
3.2 The Hénon-Heiles system
The Hénon-Heiles system
q˙1 =
∂H
∂p1
, q2 =
∂H
∂p2
, p˙1 = −∂H
∂q1
, p˙2 = −∂H
∂q2
, (34)
with
H ≡ H1 = 1
2
(
p21 + p
2
2 + aq
2
1 + bq
2
2
)
+ q21q2 + 6q
3
2 ,
has another onstant of motion
H2 = q
4
1 + 4q
2
1q
2
2 − 4p1 (p1q2 − p2q1) + 4aq21q2 + (4a− b)
(
p21 + aq
2
1
)
,
where a, b, are onstant parameters and q1, q2, p1, p2 are anonial oordi-
nates and momenta, respetively. First studied as a mathematial model
to desribe the haoti motion of a test star in an axisymmetri galati
mean gravitational eld this system is widely explored in other branhes of
physis. It well-known from appliations in stellar dynamis, statistial me-
hanis and quantum mehanis. It provides a model for the osillations of
atoms in a three-atomi moleule. The system (34) possesses Laurent series
solutions depending on 3 free parameters α, β, γ, namely
q1 =
α
t
+
(
α3
12
+
αA
2
− αB
12
)
t+ βt2 + q
(4)
1 t
3 + q
(5)
1 t
4 + q
(6)
1 t
5 + · · · ,
q2 = − 1
t2
+
α2
12
− B
12
+
(
α4
48
+
α2A
10
− α
2B
60
− B
2
240
)
t2 +
αβ
3
t3 + γt4 + · · · ,
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where p1 =
.
q1, p2 =
.
q2 and
q
(4)
1 =
αAB
24
− α
5
72
+
11α3B
720
− 11α
3A
120
− αB
2
720
− αA
2
8
,
q
(5)
1 = −
βα2
12
+
βB
60
− Aβ
10
,
q
(6)
1 = −
αγ
9
− α
7
15552
− α
5A
2160
+
α5B
12960
+
α3B2
25920
+
α3A2
1440
− α
3AB
4320
+
αAB2
1440
− αB
3
19440
− αA
2B
288
+
αA3
144
.
Let D be the pole solutions restrited to the surfae
Mc =
2⋂
i=1
{
x ≡ (q1, q2, p1, p2) ∈ C4,Hi (x) = ci
}
,
to be preise D is the losure of the ontinuous omponents of the set of
Laurent series solutions x (t) suh that Hi (x (t)) = ci, 1 ≤ i ≤ 2, i.e.,
D = t0 − oeient of Mc. Thus we nd an algebrai urve dened by
D : β2 = P8(α), (35)
where
P8 (α) = − 7
15552
α8− 1
432
(
5A− 13
18
B
)
α6− 1
36
(
671
15120
B2 +
17
7
A2 − 943
1260
BA
)
α4
− 1
36
(
4A3 − 1
2520
B3 − 13
6
A2B +
2
9
AB2 − 10
7
c1
)
α2 +
1
36
c2.
The urve D determined by an eight-order equation is smooth, hyperellipti
and its genus is 3. Moreover, the map
σ : D −→ D, (β, α) 7−→ (β,−α), (36)
is an involution on D and the quotient E = D/σ is an ellipti urve dened
by
E : β2 = P4(ζ), (37)
where P4 (ζ) is the degree 4 polynomial in ζ = α
2
obtained from (35) . The
hyperellipti urve D is thus a 2-sheeted ramied overing of the ellipti
urve E (37) ,
ρ : D −→ E , (β, α) 7−→ (β, ζ), (38)
ramied at the four points overing ζ = 0 and ∞. The ane surfae Mc
ompletes into an abelian surfae M˜c, by adjoining the divisor D. The latter
denes on M˜c a polarization (1, 2). The divisor 2D is very ample and the
funtions 1, y1, y
2
1, y2, x1, x
2
1+y
2
1y2, x2y1−2x1y2, x1x2+2Ay1y2+2y1y22,
34
embed M˜c smoothly into CP
7
with polarization (2, 4). Then the system (34)
is algebraially ompletely integrable and the orresponding ow evolues on
an abelian surfae M˜c = C
2/lattie, where the lattie is generated by the
period matrix
(
2 0 a c
0 4 c b
)
, Im
(
a c
c b
)
> 0.
Theorem 13 The abelian surfae M˜c whih ompletes the ane surfae Mc
is the dual Prym variety Prym∗ (D/E) of the genus 3 hyperellipti urve D
(35) for the involution σ interhanging the sheets of the double overing ρ
(38) and the problem linearizes on this variety.
Proof. Let (a1, a2, a3, b1, b2, b3) be a anonial homology basis of D suh
that σ (a1) = a3, σ (b1) = b3, σ (a2) = −a2, σ (b2) = −b2, for the in-
volution σ (36). As a basis of holomorphi dierentials ω0, ω1, ω2 on the
urve D (35) we take the dierentials ω1 = α2dαβ , ω2 = dαβ , ω3 = αdαβ ,
and obviously σ∗(ω1) = −ω1, σ∗(ω2) = −ω2, .σ∗(ω3) = ω3. Reall that the
Prym variety Prym (D/E) is a subabelian variety of the Jaobi variety
Jac(D) = Pic0(D) = H1(OD) / H1(D,Z) onstruted from the double
over ρ : the involution σ on D interhanging sheets, extends by linearity
to a map σ : Jac(D)→ Jac(D) and up to some points of order two, Jac(D)
splits into an even part and an odd part : the even part is an ellipti urve
(the quotient of D by σ, i.e., E (18)) and the odd part is a 2−dimensional
abelian surfae Prym (D/E) . We onsider the period matrix Ω of Jac(D)
Ω =

∫
a1
ω1
∫
a2
ω1
∫
a3
ω1
∫
b1
ω1
∫
b2
ω1
∫
b3
ω1∫
a1
ω2
∫
a2
ω2
∫
a3
ω2
∫
b1
ω2
∫
b2
ω2
∫
b3
ω2∫
a1
ω3
∫
a2
ω3
∫
a3
ω3
∫
b1
ω3
∫
b2
ω3
∫
b3
ω3
 .
Then,
Ω =

∫
a1
ω1
∫
a2
ω1 −
∫
a1
ω1
∫
b1
ω1
∫
b2
ω1 −
∫
b1
ω1∫
a1
ω2
∫
a2
ω2 −
∫
a1
ω2
∫
b1
ω2
∫
b2
ω2 −
∫
b1
ω2∫
a1
ω3 0
∫
a1
ω3
∫
b1
ω3 0
∫
b1
ω3
 ,
and therefore the period matries of Jac(E)(i.e., E), Prym(D/E) and Prym∗(D/E)
are respetively ∆ = (
∫
a1
ω3
∫
b1
ω3),
Γ =
(
2
∫
a1
ω1
∫
a2
ω1 2
∫
b1
ω1
∫
b2
ω1
2
∫
a1
ω2
∫
a2
ω2 2
∫
b1
ω2
∫
b2
ω2
)
,
and
Γ∗ =
( ∫
a1
ω1
∫
a2
ω1
∫
b1
ω1
∫
b2
ω1∫
a1
ω2
∫
a2
ω2
∫
b1
ω2
∫
b2
ω2
)
.
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Let LΩ = {
∑3
i=1mi
∫
ai
 ω1ω2
ω3
+ni ∫bi
 ω1ω2
ω3
 : mi, ni ∈ Z}, be the period
lattie assoiated to Ω. Let us denote also by L∆, the period lattie assoiated
∆. We have the following diagram
0
↓
E D
↓ ϕ∗ ւ ↓ ϕ
0 −→ kerNϕ −→ Prym(D/E ⊕ E = Jac(D) Nϕ−→ E −→ 0
ց τ ↓
M˜c = Mc ∪ 2D ≃ C2/lattie
↓
0
The polarization map τ : Prym(D/E) −→ M˜c = Prym∗(D/E), has kernel
(ϕ∗E) ≃ Z2×Z2 and the indued polarization on Prym(D/E) is of type (1,2).
Let M˜c → C2/LΛ : py
∫ p
p0
(dt1
dt2
)
, be the uniformizing map where dt1, dt2 are
two dierentials on M˜c orresponding to the ows generated respetively by
H1,H2 suh that : dt1|D = ω1 and dt2|D = ω2,
LΛ = {
4∑
k=1
nk
( ∫
νk
dt1∫
νk
dt2
)
: nk ∈ Z},
is the lattie assoiated to the period matrix
Λ =
( ∫
ν1
dt1
∫
ν2
dt1
∫
ν4
dt1
∫
ν4
dt1∫
ν1
dt2
∫
ν2
dt2
∫
ν3
dt2
∫
ν4
dt2
)
,
and (ν1, ν2, ν3, ν4) is a basis of H1(M˜c,Z). By the Lefshetz theorem on hy-
perplane setion [9℄, the map H1(D,Z) −→ H1(M˜c,Z) indued by the inlu-
sion D →֒ M˜c is surjetive and onsequently we an nd 4 yles ν1, ν2, ν3, ν4
on the urve D suh that
Λ =
( ∫
ν1
ω1
∫
ν2
ω1
∫
ν4
ω1
∫
ν4
ω1∫
ν1
ω2
∫
ν2
ω2
∫
ν3
ω2
∫
ν4
ω2
)
,
and LΛ = {
∑4
k=1 nk
( ∫
νk
ω1∫
νk
ω2
)
: nk ∈ Z}. The yles ν1, ν2, ν3, ν4 in D
whih we look for are a1, b1, a2, b2 and they generate H1(M˜c,Z) suh that
Λ =
( ∫
a1
ω1
∫
b1
ω1
∫
a2
ω1
∫
b2
ω1∫
a1
ω2
∫
b1
ω2
∫
a2
ω2
∫
b2
ω2
)
,
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is a Riemann matrix. We show that Λ = Γ∗ ,i.e., the period matrix of
Prym∗(D/E) dual of Prym(D/E). Consequently M˜c and Prym∗(D/E)
are two abelian varieties analytially isomorphi to the same omplex torus
C
2/LΛ. By Chow's theorem [9℄, A˜c and Prym∗(D/E) are then algebraially
isomorphi.
3.3 The Kowalewski rigid body motion
The motion for the Kowalewski's top is governed by the equations
.
m = m ∧ λm+ γ ∧ l, .γ = γ ∧ λm, (39)
where m,γ and l denote respetively the angular momentum, the dire-
tional osine of the z-axis (xed in spae), the enter of gravity whih
after some resaling and normalization may be taken as l = (1, 0, 0) and
λm = (m1/2,m2/2,m3/2) . The system (39) an be written
.
m1 = m2 m3,
.
γ1 = 2 m3γ2 −m2γ3,
.
m2 = − m1 m3 + 2γ3, .γ2 = m1γ3 − 2m3γ1, (40)
.
m3 = −2γ2, .γ3 = m2γ1 −m1γ2,
with onstants of motion
H1 =
1
2
(
m21 +m
2
2
)
+m23 + 2γ1 = c1,
H2 = m1γ1 +m2γ2 +m3γ3 = c2, (41)
H3 = γ
2
1 + γ
2
2 + γ
2
3 = c3 = 1,
H4 =
((
m1 + im2
2
)2
− (γ1 + iγ2)
)((
m1 − im2
2
)2
− (γ1 − iγ2)
)
= c4.
The system (40) admits two distint families of Laurent series solutions :
m1 (t) =
{
α1
t + i
(
α21 − 2
)
α2 + ◦ (t) ,
α1
t − i
(
α21 − 2
)
α2 + ◦ (t) , γ1 (t) =
{
1
2t2
+ ◦ (t) ,
1
2t2
+ ◦ (t) ,
m2 (t) =
{
iα1
t − α21α2 + ◦ (t) ,−iα1
t − α21α2 + ◦ (t) ,
γ2 (t) =
{
i
2t2
+ ◦ (t) ,
−i
2t2 + ◦ (t) ,
m3 (t) =
{
i
t + α1α2 + ◦ (t) ,−i
t + α1α2 + ◦ (t) ,
γ3 (t) =
{
α2
t + ◦ (t) ,
α2
t + ◦ (t) ,
whih depend on 5 free parameters α1, ..., α5. By substituting these series in
the onstants of the motion Hi (41), one eliminates three parameters linearly,
leading to algebrai relation between the two remaining parameters, whih
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is nothing but the equation of the divisor D along whih the mi, γi blow up.
Sine the system (40) admits two families of Laurent solutions, then D is a
set of two isomorphi urves of genus 3, D = D1 +D−1 :
Dε : P (α1, α2) =
(
α21 − 1
) ((
α21 − 1
)
α22 − P (α2)
)
+ c4 = 0, (42)
where P (α2) = c1α
2
2 − 2εc2α2 − 1 and ε = ±1. Eah of the urve Dε is a
2− 1 ramied over (α1, α2, β) of ellipti urves D0ε :
D0ε : β2 = P 2 (α2)− 4c4α42, (43)
ramied at the 4 points α1 = 0 overing the 4 roots of P (α2) = 0. It was
shown [12] that eah divisor Dε is ample and denes a polarization (1, 2) ,
whereas the divisor D, of geometri genus 9, is very ample and denes a
polarization (2, 4). The ane surfae Mc =
⋂4
i=1 {Hi = ci} ⊂ C6, dened
by putting the four invariants (41) of the Kowalewski ow (40) equal to
generi onstants, is the ane part of an abelian surfae M˜c with
M˜c \ Mc = D = one genus 9 urve onsisting of two genus 3
urves Dε (42) interseting in 4 points. Eah
Dε is a double over of an ellipti urve D0ε (43)
ramied at 4 points.
Moreover, the Hamiltonian ows generated by the vetor elds XH1 and XH4
are straight lines on M˜c. The 8 funtions 1 , f1 = m1 , f2 = m2 , f3 = m3 ,
f4 = γ3 , f5 = f
2
1 + f
2
2 , f6 = 4f1f4 − f3f5 , f7 = (f2γ1 − f1γ2) f3 + 2f4γ2,
form a basis of the vetor spae of meromorphi funtions on M˜c with at
worst a simple pole along D Moreover, the map
M˜c ≃ C2/Lattice→ CP7 , (t1, t2) 7→ [(1, f1 (t1, t2) , ..., f7 (t1, t2))] ,
is an embedding of M˜c into CP
7. Following the method (theorem 13), we
obtain the following theorem :
Theorem 14 The tori M˜c an be identied as M˜c = Prym
∗(Dε/D0ε , i.e.,
dual of Prym(Dε/D0ε) and the problem linearizes on this Prym variety.
3.4 Kirhho's equations of motion of a solid in an ideal uid
The Kirhho's equations of motion of a solid in an ideal uid have the form
p˙1 = p2
∂H
∂l3
− p3∂H
∂l2
, l˙1 = p2
∂H
∂p3
− p3 ∂H
∂p2
+ l2
∂H
∂l3
− l3 ∂H
∂l2
,
p˙2 = p3
∂H
∂l1
− p1∂H
∂l3
, l˙2 = p3
∂H
∂p1
− p1 ∂H
∂p3
+ l3
∂H
∂l1
− l1 ∂H
∂l3
, (44)
p˙3 = p1
∂H
∂l2
− p2∂H
∂l1
, l˙3 = p1
∂H
∂p2
− p2 ∂H
∂p1
+ l1
∂H
∂l2
− l2 ∂H
∂l1
,
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where (p1, p2, p3) is the veloity of a point xed relatively to the solid,
(l1, l2, l3) the angular veloity of the body expressed with regard to a frame
of referene also xed relatively to the solid and H is the hamiltonian.
These equations an be regarded as the equations of the geodesis of the
right-invariant metri on the group E (3) = SO (3) × R3 of motions of 3-
dimensional eulidean spae R3, generated by rotations and translations.
Hene the motion has the trivial oadjoint orbit invariants 〈p, p〉 and 〈p, l〉.
As it turns out, this is a speial ase of a more general system of equations
written as
x˙ = x ∧ ∂H
∂x
+ y ∧ ∂H
∂y
, y˙ = y ∧ ∂H
∂x
+ x ∧ ∂H
∂y
,
where x = (x1, x2, x3) ∈ R3 et y = (y1, y2, y3) ∈ R3. The rst set an be
obtained from the seond by putting (x, y) = (l, p/ε) and letting ε → 0.
The latter set of equations is the geodesi ow on SO(4) for a left invariant
metri dened by the quadrati form H. In Clebsh's ase, equations (44)
have the four invariants :
H1 = H =
1
2
(
a1p
2
1 + a2p
2
2 + a3p
2
3 + b1l
2
1 + b2l
2
2 + b3l
2
3
)
,
H2 = p
2
1 + p
2
2 + p
2
3,
H3 = p1l1 + p2l2 + p3l3,
H4 =
1
2
(
b1p
2
1 + b2p
2
2 + b3p
2
3 + ̺
(
l21 + l
2
2 + l
2
3
))
,
with
a2−a3
b1
+ a3−a1b2 +
a1−a2
b3
= 0, and the onstant ̺ satises the onditions
̺ = b1(b2−b3)a2−a3 =
b2(b3−b1)
a3−a1 =
b3(b1−b2)
a1−a2 . The system (44) an be written in the
form (11) with m = 6; to be preise
x˙ = f (x) ≡ J ∂H
∂x
, x = (p1, p2, p3, l1, l2, l3)
⊺, (45)
where
J =
(
O P
P L
)
, P =
 0 −p3 p2p3 0 −p1
−p2 p1 0
 , L =
 0 −l3 l2l3 0 −l1
−l2 p1 0
 .
Consider points at innity whih are limit points of trajetories of the ow.
In fat, there is a Laurent deomposition of suh asymptoti solutions,
x (t) = t−1
(
x(0) + x(1)t+ x(2)t2 + ...
)
, (46)
whih depend on dim(phase space) − 1 = 5 free parameters. Putting (46)
into (45), solving indutively for the x(k), one nds at the 0th step a non-
linear equation, x(0) + f(x(0)) = 0, and at the kth step, a linear system of
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equations,
(L− kI)x(k) =
{
0 for k = 1
quadrati polynomial in x(1), ..., x(k) for k ≥ 1,
where L denotes the jaobian map of the non-linear equation above. One
parameter appear at the 0th step, i.e., in the resolution of the non-linear
equation and the 4 remaining ones at the kth step, k = 1, ..., 4. Taking
into aount only solutions trajetories lying on the invariant surfae Mc =
4⋂
i=1
{Hi (x) = ci} ⊂ C6, we obtain one-parameter families whih are param-
eterized by a urve :
D : θ2 + c1β2γ2 + c2α2γ2 + c3α2β2 + c4αβγ = 0, (47)
where θ is an arbitrary parameter and where α = x
(0)
4 , β = x
(0)
5 , γ =
x
(0)
6 parameterizes the ellipti urve
E : β2 = d21α2 − 1, γ2 = d22α2 + 1, (48)
with d1, d2 suh that: d
2
1 + d
2
2 + 1 = 0. The urve D is a 2-sheeted ramied
overing of the ellipti urve E . The branh points are dened by the 16
zeroes of c1β
2γ2+c2α
2γ2+c3α
2β2+c4αβγ on E . The urve D is unramied
at innity and by Hurwitz's formula, the genus of D is 9. Upon putting
ζ ≡ α2, the urve D an also be seen as a 4−sheeted unramied overing of
the following urve of genus 3 :
C :
(
θ2 + c1β
2γ2 +
(
c2γ
2 + c3β
2
)
ζ
)2 − c24ζβ2γ2 = 0.
Moreover, the map τ : C → C, (θ, ζ) 7→ (−θ, ζ), is an involution on C and
the quotient C0 = C/τ is an ellipti urve dened by
C0 : η
2 = c24ζ
(
d21d
2
2ζ
2 +
(
d21 − d22
)
ζ − 1) .
The urve C is a double ramied overing of C0, C → C0, (θ, η, ζ) 7→ (η, ζ),
C :
{
θ2 = −c1β2γ2 −
(
c2γ
2 + c3β
2
)
ζ + η
η2 = c24ζ
(
d21d
2
2ζ
2 +
(
d21 − d22
)
ζ − 1) .
Let (a1, a2, a3, b1, b2, b3) be a anonial homology basis of C suh that τ (a1) =
a3, τ (b1) = b3, τ (a2) = −a2 and τ (b2) = −b2 for the involution τ. Using
the Poinaré residu map, we show that
ω0 =
dζ
η
, ω1 =
ζdζ
θη
, ω2 =
dζ
θη
,
form a basis of holomorphi dierentials on C and τ∗ (ω0) = ω0, τ∗ (ωk) =
−ωk (k = 1, 2) . The ow evolues on an abelian surfae M˜c ⊆ CP7 of period
matrix
(
2 0 a c
0 4 c b
)
, Im
(
a c
c b
)
> 0. Following the method (theorem
13), we obtain
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Theorem 15 The abelian surfae M˜c an be identied as Prym(C/C0).
More preisely
4⋂
i=1
{
x ∈ C6,Hi (x) = ci
}
= Prym(C/C0)\D,
where D is a genus 9 urve (47), whih is a ramied over of an ellipti
urve E (48) with 16 branh points.
4 Generalized algebrai ompletely integrable sys-
tems
Some others integrable systems appear as overings of algebrai ompletely
integrable systems. The manifolds invariant by the omplex ows are ov-
erings of abelian varieties and these systems are alled algebrai ompletely
integrable in the generalized sense.
Consider the ase F3 = 0, (see setion 3.1) and the following hange of
variables
z1 = q
2
1 , z2 = q2, z3 = p2, z4 = p1q1, z5 = p
2
1 − q21q22.
Substituting this into the onstants of motion F1, F2, F3 leads obviously to
the relations
H1 =
1
2
p21 −
3
2
q21q
2
2 +
1
2
p22 −
1
4
q41 − 2q42, (49)
H2 = p
4
1 − 6q21q22p21 + q41q42 − q41p21 + q61q22 + 4q31q2p1p2 − q41p22 +
1
4
q81 ,
whereas the last onstant leads to an identity. Using the dierential equa-
tions (28) ombined with the transformation above leads to the system of
dierential equations
q¨1 = q1
(
q21 + 3q
2
2
)
, (50)
q¨1 = q2
(
3q21 + 8q
2
2
)
.
The last equation (28) for z5 leads to an identity. Thus, we obtain the po-
tential onstruted by Ramani, Dorozzi and Grammatios [25,7℄. Evidently,
the funtions H1 and H2 ommute : {H1,H2} = 0. The system (50) is
weight-homogeneous with q1, q2 having weight 1 and p1, p2 weight 2, so that
H1 and H2 have weight 4 and 8 respetively. When one examines all pos-
sible singularities, one nds that it possible for the variable q1 to ontain
square root terms of the type t1/2, whih are stritly not allowed by the
Painlevé test (i.e., the general solutions have no movable singularities other
than poles). However, these terms are trivially removed by introduing the
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variables z1, . . . , z5 whih restores the Painlevé property to the system. Let
B be the ane variety dened by
B =
2⋂
k=1
{z ∈ C4 : Hk(z) = bk}, (51)
where (b1, b2) ∈ C2.
Theorem 16 a) The system (50) admits Laurent solutions in t1/2, depend-
ing on 3 free parameters: u, v and w. These solutions restrited to the surfae
B(51) are parameterized by two opies Γ1 and Γ−1 of the same Riemann sur-
fae of genus 16.
b) The invariant surfae B(51) an be ompleted as a yli double over B of
the abelian surfae A˜, ramied along the divisor C1+C−1. The system (50) is
algebrai omplete integrable in the generalized sense. Moreover, B is smooth
exept at the point lying over the singularity (of type A3) of C1+C−1 and the
resolution B˜ of B is a surfae of general type with invariants : X (B˜) = 1
and pg(B˜) = 2.
Proof. a) The system (50) possesses 3-dimensional family of Laurent solu-
tions (prinipal balanes) depending on three free parameters u, v and w.
There are preisely two suh families, labeled by ε = ±1, and they are ex-
pliitly given as follows
q1 =
1√
t
(u− 1
4
u3t+ vt2 − 5
128
u7t3 +
1
8
u(
3
4
u3v − 7
256
u8 + 3εw)t4 + · · · ),
q2 =
1
t
(
1
2
ε− 1
4
εu2t+
1
8
εu4t2 +
1
4
εu(
1
32
u5 − 3v)t3 + wt4 + · · · ), (52)
p1 =
1
2t
√
t
(−u− 1
4
u3t+ 3vt2 − 25
128
t3u7 +
7
8
u(
3
4
u3v − 7
256
u8 + 3εw)t4 + · · · ),
p2 =
1
t2
(−1
2
ε+
1
8
εu4t2 +
1
2
εu(
1
32
u5 − 3v)t3 + 3wt4 + · · · ).
These formal series solutions are onvergent as a onsequene of the majorant
method. By substituting these series in the onstants of the motion H1 = b1
and H2 = b2, one eliminates the parameter w linearly, leading to an equation
onneting the two remaining parameters u and v :
Γ :
65
4
uv3 +
93
64
u6v2 +
3
8192
(−9829u8 + 26112H1)u3v (53)
−10299
65536
u16 − 123
256
H1u
8 +H2 +
15362 98731
52
= 0.
Aording to Hurwitz' formula, this denes a Riemann surfae Γ of genus 16.
The Laurent solutions restrited to the surfae B(51) are thus parameterized
42
by two opies Γ−1 and Γ1 of the same Riemann surfae Γ.
b) The morphism ϕ : B −→ A, (q1, q2, p1, p2) 7−→ (z1, z2, z3, z4, z5), maps
the vetor eld (50) into an algebrai ompletely integrable system (1) in
ve unknowns and the ane variety B(51) onto the ane part A(30) of an
abelian variety A˜ with A˜\A = C1 + C−1. Observe that ϕ is an unramied
over. The Riemann surfae Γ(53) play an important role in the onstrution
of a ompatiation B of B. Let us denote by G a yli group of two
elements {−1, 1} on V jε = U jε × {τ ∈ C : 0 < |τ | < δ}, where τ = t1/2
and U jε is an ane hart of Γε for whih the Laurent solutions (52) are
dened. The ation of G is dened by (−1) ◦ (u, v, τ) = (−u,−v,−τ) and
is without xed points in V jε . So we an identify the quotient V
j
ε /G with
the image of the smooth map hjε : V
j
ε → B dened by the expansions (10).
We have (−1, 1).(u, v, τ) = (−u,−v, τ) and (1,−1).(u, v, τ) = (u, v,−τ), i.e.,
G×G ats separately on eah oordinate. Thus, identifying V jε /G2 with the
image of ϕ ◦ hjε in A. Note that Bjε = V jε /G is smooth (exept for a nite
number of points) and the oherene of the Bjε follows from the oherene of
V jε and the ation of G. Now by taking B and by gluing on various varieties
Bjε\{some points}, we obtain a smooth omplex manifold B̂ whih is a double
over of the abelian variety A˜ (onstruted in proposition 2.3) ramied along
C1 + C−1, and therefore an be ompleted to an algebrai yli over of A˜.
To see what happens to the missing points, we must investigate the image
of Γ× {0} in ∪Bjε . The quotient Γ× {0}/G is birationally equivalent to the
Riemann surfae Υ of genus 7 :
Υ :
65
4
y3 +
93
64
x3y2 +
3
8192
(−9829x4 + 26112b1)x2y
+x
(
−10299
65536
x8 − 123
256
b1x
4 + b2 +
15362 98731
52
)
= 0,
where y = uv, x = u2. The Riemann surfae Υ is birationally equivalent
to C. The only points of Υ xed under (u, v) 7→ (−u,−v) are the points
at ∞, whih orrespond to the ramiation points of the map Γ × {0} 2−1→
Υ : (u, v) 7→ (x, y) and oinides with the points at ∞ of the Riemann
surfae C. Then the variety B̂ onstruted above is birationally equivalent to
the ompatiation B of the generi invariant surfae B. So B is a yli
double over of the abelian surfae A˜ ramied along the divisor C1 + C−1,
where C1 and C−1 have two points in ommune at whih they are tangent to
eah other. It follows that The system (8) is algebrai omplete integrable
in the generalized sense. Moreover, B is smooth exept at the point lying
over the singularity (of type A3) of C1 + C−1. In term of an appropriate
loal holomorphi oordinate system (X,Y,Z), the loal analyti equation
about this singularity is X4 + Y 2 + Z2 = 0. Now, let B˜ be the resolution
of singularities of B, X (B˜) be the Euler harateristi of B˜ and pg(B˜) the
geometri genus of B˜. Then B˜ is a surfae of general type with invariants :
X (B˜) = 1 and pg(B˜) = 2. This onludes the proof of the theorem.
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Remark 4.1 The asymptoti solution (52) an be read o from (31) and
the hange of variable : q1 =
√
z1, q2 = z2, p1 = z4/q1, p2 = z3. The funtion
z1 has a simple pole along the divisor C1 + C−1 and a double zero along
a Riemann surfae of genus 7 dening a double over of A˜ ramied along
C1 + C−1.
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